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o Asample space Sis the set of all possible outcomes of a
conceptual or physical, repeatable experiment. (S can be finite
or infinite.)

¢ E.g., S may be the set of all possible outcomes of a dice roll: S
(1 2 3 4 5 6)

¢ E.g., Smay be the set of all possible nucleotides of a DNA site: S

A C G T) f

¢ E.g., S may be the set of all possible time-space positions of an
aircraft on a radar screen.

» An Event A is any subset of S

¢ Seeing "1" or "6" in a dice roll; observing a "G" at a site; UAOQO7 in
space-time interval



Three Key Ingredients in Probability Theory
A sample space is a collection of all possible outcomes

Random variables X represents outcomes in sample space

,ﬁ,vo(om vanobl

\/
Probability of a random variable to happen  p(x) = p(X = %_)

( srea'&t

p(x) =0
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Continuous variable
Definition: Takes values from a continuous range (e.g., any
real number within an interval). j

Distribution: Governed by a probability density function

(PDF). Tk (A‘s*ff““*"” Jchor

Key Concepts: (i elhoo I

 The density represents likelihood, but not actual o Awﬂ = |
probability at a specific point. o /

 Example: Temperature, which can be any real value (e.g., M T K] B
72.3°F). | % o

e Common distribution: Gaussian (Normal) Distribution. F<%”"J‘\:

Discrete variable

Definition: Takes values from a countable set (e.g., integers). 2 p(x) —

Distribution: Governed by a probability mass function (PMF). P

Key Concepts: R, b 1' ]

 The function directly gives probability values. W)’ ov| “ ‘2

 Example: A coin flip (e.g., O for tails, 1 for heads). ‘

e Common distribution: Bernoulli Distribution. 0 %_GZorgia

Tech
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Continuous Probability Functions L(e-0= |

» Examples: é////////— %%/;;Z\\\\\\

» Uniform Density Function: ge (b \/ 1 '

T ///
fora<x<bh /
otherwise { g
J

« Exponential Density Function: 9& & _2fa

=—e H =0 Q
fe)=ce®  forx=z0 % u

¢ Gaussian(Normal) Density Function

i) = e 2
X) = e 20
* \V2TTo
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Discrete Probability Functions

¢ Examples:
¢ Bernoulli Distribution:
In Bernoulli, just a single trial is conducted
1—p forx=0
“lp forx =1

¢ Binomial Distribution: k is number of successes

o P(X = k):(;:)pk(l — p)“‘k
n-k is number of failures

(',:) The total number of ways of selection k distinct combinations of n
trials, irrespective of order.

E.g. - Given a biased coin with u = 0.3 for tail (x = 1), what is the probability of getting

4 heads given we flip the coin 10 times? Gr @reoLgia
ech
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X and Y are random variables

N = total number of trials

n;; = Number of occurrence

X = Throw a
dice

Y = Flip a coin

Xi=1 =
Vi—p = tail | My =3 |ny =4 |\n;=2|n;=5n;=1|n;=5] 20
Y yj=1:head nig=2|nj=2|n;=4|n;=2|n;=4n;=1 15
C; |° 6 6 7 5 6 N=35
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Xi=1 = 1mx33x_4—4 Xizg =5 Xj=¢ =6
yj=2=tail _3! nlJ nj=2|nj;=5|n;=1|n;=5
¥ Yj=1 = head | " j =2 nii:z ng=4 | \n;=2 \n;=4 n; =1
3"‘0&@»% o(w=2,y=%) = d[35 = "“"J/r\lr f =
. mewdle.? o
‘iiif“& () = s = G W‘i@
\ ?(%:_[73 = ZO/%S = CJ/R/ i P(\d)
' _ Y = My Shunk %awvfle Spr<
o Cr ooz |2 = Yo
N IR RO *’é”é‘*‘/}
s wide= P (1 P= Pty
P - F(‘& "0?(%>
P(M = P(*\‘a')?’)?(%)z
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Probability: p(X = x;) = —

Joint probability: pX =x,Y =y;) =—

Conditional probability: ;v =y |x = x,) = -2
Ci

Sum rule

p(X = x;) = Zp(x —x, Y =) = p(X) = Z P(X,Y)

Product rule

m$ n;j ¢;

P =2 Y =) 3 @: p(Y =y |X = x)p(X = x)
p(X7Y) =p¥|X)p(X) G- Seogi




Tf  Plp= D) D ks condiondy ind oy
Conditional Independence

m g, IND
¢ Examples: M
P(Virus| DrinkBeer) = P(Virus)

( \C)Vmb ( C’ﬂfiv"i>
iﬁmndent of Drink Beer < \_ﬁ) O\> @ QC l V'D/\ V(V/QD

P(Flu | Virus, DrinkBeer) = P(Flu |Virus)

iff Fluisindependent of/Qrink Beer;given Virus - (?([,\\‘F\ A> PQ—Q\V>KDC\/@/>

P(Headache | Flu,Virus, DrinkBeer) < _ ? U\ —f )AS Q uv- \/5 €<\I d) ?(&)

= P(Headache|Flu, DrinkBeer) K

CW\ A ol
iff Headache is independent of Virus, given Flu andﬁﬁnﬁz‘ﬁe}f \&3 & \l> PLV) @

Assume the above independence, we obtain:

P(Headache, Flue,Virus, DrinkBeer)

= P(Headache|Flu,Virus, DrinkBeer) P(Flu|Virus, DrinkBeer)
P(Virus|DrinkBeer)P(DrinkBeer)

= P(Headache|Flu, DrinkBeer)P(Flu|Virus)P(Virus)P(DrinkBeer)

Gr Georgia
Tech
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ocsible odtoned
Recap o

/ r@g‘gé(e gut Ove
+ Sample Space and Event | or2a w,,o?ax The
Cre 13
 Probability Distribution Function
Ky a, .
- %mfwm&w’"” \(."‘H
e on |
: Objectlve Function tf yalues odd 4ol

_S,(,,Q L—""" OV%"‘“BQ' i — 9 falamekx.

» Joint Probability, Marginal Probablllty & Conditional Probablllty

“)([;(,\A,Z. ) (’”) ch(ﬂ Z, >

. SUM RuLE—2 ?@-3 :éPC%K}
2 rules / ()(Q _ %C(x, xa)z)w)

%Zw

(\%\ﬁ(*) pRODUCT RULE O
w&‘a e itionlhY g dence \( 1= f 0(1\1\?@(3['%22{19‘3
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™ wn dud vule
Bayes' RtﬁlA e JCT S
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» P(X|Y)=Fraction of the worlds in which X is true given thatY is

also true. \)(%\‘D _ (’L"J)

o For example: P( ) /

¢ H=“Having a headache” (%\ \63 = F(\d\m} )>(’x
¢ F="Coming down with flu” AN

o P(Headche|Flu) = fraction of flu-inflicted worlds in which you
have a headache. How to calculate?

o Definition:
P(X,Y) PY|X)PX)

P(Y)  P(Y)
P(X,Y) = P(Y|X)P(X)

P(X|Y) =

Corollary:

This is called Bayes Rule



Bayes’ Ruls (" ;’93 (4)

(2= & PvnY N 12 NN iat & £

o % o\ Pe@P = 1 \Zﬂ 2P 1P =_plp
o P(Headache|Flu) = P(Heiiifg)e’mu)b{ vw/a/

__ P(Flu|Headache)p(Headache)

P(Flu) i ?(%] LDF(UB;

Other cases: _ = p(x| ) Pl
X|Y)p(v) L H e T
. PCYIX) = P( - j(%\l i _
i “,/)E—?i%%)y)fﬂ(ﬁv) p(2|g) P °( j)ﬁg)
B B P P(Y)
o P(Y =y;|X) = Yies P(X|Y = y;)P(r=y)
. P(Y|x,z) = PEN. 2Py

P(X,Z)
XY, Z)p(r.2)>
P(X|Y,Z)P(v,2)+P(X|Y,Z)P(~Y,2)

N : oM

\\ 5

i
x,Z P *,)\,2
p (4! btz

?(1,'23 - é? (x)zo"d )

1
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E \_%(@l = S ‘8(%} ?(1) &L
%
- = qepd
L=
» Expectation: The mean value, center of mass, first moment:

BlgC0] = [ g@pxGidx = &fﬂ;;

A_.n{-h yy\eﬁ"lc Mean

Mean and Variance

» N-th moment: g(x) = x™
» N-th central moment: g(x) = (x — )™

° Mean Ey|X] = fm pr(x)dx
o E[a:X] = a:E[X]

¢ Ela +X] = a + E[X]
» Variance(Second central moment): Var(x) =

Ex[(X — Ex[X])?] = Ex[X*] — Ex[X - Efﬁ}
o Var(aX) = a?Var(X) E[ )

o Var(a + X) =Var(X)

A




Expected value and avera

bol:a aitomebic maan 'S Same ag 2xfe \ |
2 cided loraged die: K= L 2, 33 (P(u,\: [(/é A /Zj

/
gl = X wid g3
E [%(%)3 %(’13 ﬂ)(’l«,) S [
= ﬁ_X) A ?_X-L‘)’ 32X \/2_ _.6/ 6
poo= e & :& c(qed) = Mle
> \, 2,2, 5, 5,0 _ a0 333
Roll  die  six Hmet T LY e *L!‘«;ILA?’A%

Expectation determined by probability distribution. Arithmetic average
determined by observed outcomes of trials.

Both are the same in our class because we assume we have sufficient
data that models the distribution. So, the arithmetic average is a good
estimate of the true expectation (Law of Large Numbers). (G S



Variance and average: -

7
K= 2
’3JM%A
, 7 I\
.—-T——
_ L %X
Vag = 3
— (= 1 X%
~ L4, N
_ M) (2N

Cr
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Covariance: 4 e
¢ h W . |-, A= Mo
X = \ )( - 'L‘”h Bvﬂw
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B

» Off-diagonal terms of covariance matrix same?

« Diagonal terms higher in value or off diagonal term? \/(;M
« Will eigenvectors of covariance matrix be orthonormal? \/

» Do we know its eigenvectors? \/ row  SUD %X

« Any upper and lower bound in values of covariance matrix?
No \DL(W/V‘OQ
Covariance measures how two features vary together. Problem:

covariance depends on scale Georgia
ec



. . %*__, S{ramﬂaﬂCl{BU(
Correlatlo‘n. e tmadizobon — [0
; = Q O,,.,\ﬂe\«'sa%gn — [—‘ > '3
X=1 ‘;] X-#
3} 4 a_
~ ¥
_* \ — s = Jﬁ K* X
ol T
X 2 — M, 2 S
— ‘)2__\’ @_.-)JQ 1—('3’110\)
2~y ég,o—’-ﬁa"m’ q‘f/’/
_ 0 = U_\-nL = |
. % ﬁv
CﬂCk,Q = ‘ V | A CNKN /W
q i - \
m\e}’ﬂﬁwﬁz\g‘ xa !

Useful in EDA. If features are corre
redundancy.

\
EEd, then data may have
Cr
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- g\ wy)- EME[@
For Joint Distributions W Y B

» Expectation and Covariance:
.\E[}g+_]= E[X]+E[Y]_

——

o cov(X,Y) = E[(X — Ex[XD(Y — Ey(Y)] = E[XY] — E[X]E[Y]
e Var(X+Y) =Var(X) + 2cov(X,Y) + Var(Y)

Gr Georgia
Tech

AN



Uncorrelated vs Independent RV

UncorrelatedX(Definition: [Cov(X,Y)=0

Means no linear relationship between X and Y.

*Does not rule out non-linear dependence.

‘Example: X~U(-1,1), Y=x? — Uncorrelated but dependent

Independent (Definition: P(XeA,YeB)=P(XeA)P(YeB))

*Stronger condition: knowing one variable gives no information about the other.
*Independence = Uncorrelated (if variances exist).

Key Differences
*Independence is a stronger property.

Uncorrelated only removes linear relationships.
*Uncorrelated # Independent.

_——

—
ML Relevance
* Most ML models care about uncorrelatedness because they only model linear

relationships.
* True independence is rarer and much harder to check, but it's what we

assume in stronger probabilistic models
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Gaussian Distributi ' = "’
ibuti R are) = e TN
| b= ¢
» Gaussian Distribution: f(x|u, o)
Probability density function woithin | stoudand]
e T ™
. | 2 2t —D
Qi\wx\"”" 0.8 | ﬁ;g Go10 — - e
o i [1=0, 02=50, == | %37 —
P=-2, 02=0.5, m—- 35,




Multivariate Gaussian Distribution  4-

I

—

1
N G R0

» Moment Parameterization y = E(X)

Y=Cov(X) =E[X—-wX—-w']

» Mahalanobis Distance A2= (x — )T 1(x — p)

» Tons of applications (MoG, FA, PPCA, Kalman filter,...)

28



Properties of Gaussian Distribution

o The linear transform of a Gaussian r.v.isa G ' ember

ihat no matter how x is distributed-

E(AX + b) = AECO) +b)

Cov(AX + b) = ACov(X)AT

this means that for Gaussian distributed quantities:
X~Nux) - AX+b~N(f[.D+b@
= ~ T

—

/ ~
» The sum of two epenGaussian r.v. is a Gaussian

NN

Y =X, +X,, X3E4X; 2 Uy = T ULy, =21+ X,

» The multiplication of two Gaussian functions is another
Gaussian function (although no longer normalized)

N(a,A)N(b,B) x N(c,C),
whereC = (A"'+ B )1, c=CA ta+ CB~1b

29
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Probability mass function of a biased dice , _
0.35 Let's say, I am going to get a

sample from this pmf having a
sizeofn = 4

0.3
0.25

0.2

S, = {1,1,1,6} = E(S;) = 2.25
0.1 SZ — {1,1,3,6} = E(Sz) — 275

0.05

1 2 3 4 5 6 S, =11,4,6,6} = E(S,,) = 4.25

X

« According to CLT, if you sample enough from any distribution with finite variance
you will get an approximate Gaussian distribution.

« No matter what the population looks like, the average of many samples looks
Normal.

« Explains why the Normal distribution Is everywhere in statistics and ML.

< > Georgia
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Probability predicts data from parameters.
Likelihood evaluates parameters from data.

‘Probability
» Forward direction: given parameters, what's the chance of
data?
 P(data| 0)
« Example: If the coin has bias 6 = 0.7, what’s the probability of
8 heads in 10 tosses?
« Varies with different outcomes of data.
Likelihood
» Reverse view: given data, how plausible are parameters?
e L(0 | data) < P(data| 0)
« Example: I observed 8 heads in 10 tosses. How likely is it that
the coin’s bias is 6@ = 0.7 ?
 Varies with different parameter values.

Georgia
Tech
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Prob vs Likelihood g¢- ..’ kL MAXIMUM  LIKEUWHOOD

@IA T EST)MATION

Pae Lo
Likedi kood —2 L(@\’L) = )__( a,b\ﬁL) |
sk $23 ¢ 103 &)
= ? oA, X Jm - X




Prob vs Likelihood Qp%“\;\f*\‘" 51 9> Mowtions 3¢ n“s K‘”‘”M"s
3%
L<® B voiwx 8% a,b

&is
oy Lo\ = g TP )
Lo L(@j%> ;%903 \’("‘ e

a,b
0 gk =0 QQ‘ZZ‘LL = U
Da Ma;(('VWM" \_,}ke(\'txool
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e Probability: inferring probabilistic quantities for data given fixed
models (e.g. prob. of events, marginals, conditionals, etc).

e Statistics: inferring a model given fixed data observations
(e.g. clustering, classification, regression).

Main assumption:

Independent and identically distributed random variables
i.i.d

Georgia
Tech



Maximum Likelihood Estimation

For Bernoulli (i.e. flip a CEED):
/V“"""‘L
L . - () V1 i) - .
Dbjective function: P(x{‘}|8) =0*"(1—-06)* xt € {0,1} or {head, tail}

LX) = LO|X = xU, X = x& x = x3, .., x = x("h
I.i.d assumption

L(|X) = Hp(x{i}w)
=1

L:CA
Q.a\,.,O\

n n
L(O|X) = HP(x{i}w) — l_lex{i}(l . 8)1_x{i} i at*uo\
i=1 i=1

LX) = 0¥V (1 — )" x 0P (1 — )1 | x 0¥ (1 - )1 =

= g2 xY (1 — g)Za-xh .
e =) Gy



We don't like multiplication, let's convert it into summation

fog (@)

What's the trick? Take the log L LO?&.

—

logL(81X) = 1(0|X) = log(8) Z x +log(1 — 0) z(l — x
i=1 =1

How to optimize 67

aOX) _ Yisax YL 1)

00 v 1—-6 0

*If your data has 70% ones, the probability that
best explains itis @ = 0.7
*Any other 0 would make the observed pattern

: Georgia
less plausible Tech
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