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Probability
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Three Key Ingredients in Probability Theory

4

Random variables 𝑋 represents outcomes in sample space

A sample space is a collection of all possible outcomes

Probability of a random variable to happen 𝑝 𝑥 = 𝑝(𝑋 = 𝑥)

𝑝 𝑥 ≥ 0



Continuous variable  
Definition: Takes values from a continuous range (e.g., any 
real number within an interval).
Distribution: Governed by a probability density function 
(PDF).
Key Concepts:
• The density represents likelihood, but not actual 

probability at a specific point.
• Example: Temperature, which can be any real value (e.g., 

72.3°F).
• Common distribution: Gaussian (Normal) Distribution.

Discrete variable  
Definition: Takes values from a countable set (e.g., integers).
Distribution: Governed by a probability mass function (PMF).
Key Concepts:
• The function directly gives probability values.
• Example: A coin flip (e.g., 0 for tails, 1 for heads).
• Common distribution: Bernoulli Distribution.

෍

𝑥𝜖𝐴

𝑝 𝑥 = 1

න𝑝(𝑥)𝑑𝑥 = 1
𝑥



Continuous Probability Functions
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Discrete Probability Functions

In Bernoulli, just a single trial is conducted

k is number of successes

n-k is number of failures

𝒏
𝒌

The total number of ways of selection k distinct combinations of n

trials, irrespective of order.

E.g. - Given a biased coin with 𝜇 = 0.3 for tail (𝑥 = 1), what is the probability of getting 

4 heads given we flip the coin 10 times?
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Example

Y = Flip a coin
X = Throw a 

dice

𝑛𝑖𝑗 = 3 𝑛𝑖𝑗 = 4 𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 5 𝑛𝑖𝑗 = 1 𝑛𝑖𝑗 = 5 20

𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 4 𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 4 𝑛𝑖𝑗 = 1 15

5 6 6 7 5 6 N=35

X

Y
𝑦𝑗=1 = ℎ𝑒𝑎𝑑

𝑦𝑗=2 = 𝑡𝑎𝑖𝑙

𝑥𝑖=1 = 1 𝑥𝑖=2 = 2 𝑥𝑖=3 = 3 𝑥𝑖=4 = 4 𝑥𝑖=5 = 5 𝑥𝑖=6 = 6

X and Y are random variables

N = total number of trials

𝐶𝑗

𝐶𝑖

𝒏𝒊𝒋 = Number of occurrence



𝑛𝑖𝑗 = 3 𝑛𝑖𝑗 = 4 𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 5 𝑛𝑖𝑗 = 1 𝑛𝑖𝑗 = 5 20

𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 4 𝑛𝑖𝑗 = 2 𝑛𝑖𝑗 = 4 𝑛𝑖𝑗 = 1 15

5 6 6 7 5 6 N=35

X

Y
𝑦𝑗=1 = ℎ𝑒𝑎𝑑

𝑦𝑗=2 = 𝑡𝑎𝑖𝑙

𝑥𝑖=1 = 1 𝑥𝑖=2 = 2 𝑥𝑖=3 = 3 𝑥𝑖=4 = 4 𝑥𝑖=5 = 5 𝑥𝑖=6 = 6 𝐶𝑗

𝐶𝑖



𝑝(𝑋 = 𝑥𝑖 , 𝑌 = 𝑦𝑗) =
𝑛𝑖𝑗

𝑁
Joint probability: 

Probability: 𝑝(𝑋 = 𝑥𝑖) =
𝑐𝑖
𝑁

Sum rule

𝑝 𝑋 = 𝑥𝑖 =෍

𝑗=1

𝐿

𝑝 𝑋 = 𝑥𝑖 , 𝑌 = 𝑦𝑗 ⇒ 𝑝 𝑋 =෍

𝑌

𝑃(𝑋, 𝑌)

Product rule

𝑝 𝑋 = 𝑥𝑖 , 𝑌 = 𝑦𝑗 =
𝑛𝑖𝑗

𝑁
=
𝑛𝑖𝑗

𝑐𝑖

𝑐𝑖
𝑁
= 𝑝 𝑌 = 𝑦𝑗 𝑋 = 𝑥𝑖 𝑝(𝑋 = 𝑥𝑖)

𝑝 𝑋, 𝑌 = 𝑝 𝑌 𝑋 𝑝(𝑋)

𝑝(𝑌 = 𝑦𝑗|𝑋 = 𝑥𝑖) =
𝑛𝑖𝑗

𝑐𝑖
Conditional probability: 



Conditional Independence

1
2

𝑷 𝑭𝒍𝒖 𝑽𝒊𝒓𝒖𝒔,𝑫𝒓𝒊𝒏𝒌𝑩𝒆𝒆𝒓) = 𝑷 𝑭𝒍𝒖 𝑽𝒊𝒓𝒖𝒔)

𝑷 𝑯𝒆𝒂𝒅𝒂𝒄𝒉𝒆 𝑭𝒍𝒖, 𝑽𝒊𝒓𝒖𝒔,𝑫𝒓𝒊𝒏𝒌𝑩𝒆𝒆𝒓)
= 𝑷 𝑯𝒆𝒂𝒅𝒂𝒄𝒉𝒆 𝑭𝒍𝒖,𝑫𝒓𝒊𝒏𝒌𝑩𝒆𝒆𝒓)

𝑷 𝑽𝒊𝒓𝒖𝒔 𝑫𝒓𝒊𝒏𝒌𝑩𝒆𝒆𝒓) = 𝑷(𝑽𝒊𝒓𝒖𝒔)

𝑷 𝑯𝒆𝒂𝒅𝒂𝒄𝒉𝒆, 𝑭𝒍𝒖𝒆, 𝑽𝒊𝒓𝒖𝒔,𝑫𝒓𝒊𝒏𝒌𝑩𝒆𝒆𝒓
= 𝑷 𝑯𝒆𝒂𝒅𝒂𝒄𝒉𝒆 𝑭𝒍𝒖, 𝑽𝒊𝒓𝒖𝒔,𝑫𝒓𝒊𝒏𝒌𝑩𝒆𝒆𝒓) 𝑷 𝑭𝒍𝒖 𝑽𝒊𝒓𝒖𝒔,𝑫𝒓𝒊𝒏𝒌𝑩𝒆𝒆𝒓
𝐏 𝐕𝐢𝐫𝐮𝐬 𝐃𝐫𝐢𝐧𝐤𝐁𝐞𝐞𝐫 𝐏 𝐃𝐫𝐢𝐧𝐤𝐁𝐞𝐞𝐫
= 𝐏 𝐇𝐞𝐚𝐝𝐚𝐜𝐡𝐞 𝐅𝐥𝐮, 𝐃𝐫𝐢𝐧𝐤𝐁𝐞𝐞𝐫 𝐏 𝐅𝐥𝐮 𝐕𝐢𝐫𝐮𝐬 𝐏 𝐕𝐢𝐫𝐮𝐬 𝐏(𝐃𝐫𝐢𝐧𝐤𝐁𝐞𝐞𝐫)



Recap

• Sample Space and Event

• Probability Distribution Function

• Objective Function

• Joint Probability, Marginal Probability & Conditional Probability

• 2 rules
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Bayes’ Rule
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Bayes’ Rule
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Mean and Variance

1
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Expected value and average

Both are the same in our class because we assume we have sufficient 
data that models the distribution. So, the arithmetic average is a good 
estimate of the true expectation (Law of Large Numbers).

Expectation determined by probability distribution. Arithmetic average 
determined by observed outcomes of trials.



Variance and average:



Covariance:



Covariance:
• Off-diagonal terms of covariance matrix same?

• Diagonal terms higher in value or off diagonal term?

• Will eigenvectors of covariance matrix be orthonormal?

• Do we know its eigenvectors?

• Any upper and lower bound in values of covariance matrix?

Covariance measures how two features vary together. Problem: 
covariance depends on scale



Correlation:

Useful in EDA. If features are correlated, then data may have 
redundancy.



For Joint Distributions

2
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Uncorrelated vs Independent RV

Uncorrelated (Definition: Cov(X,Y)=0.)

•Means no linear relationship between X and Y.

•Does not rule out non-linear dependence.

•Example: X∼U(−1,1),  Y=𝑥2 → Uncorrelated but dependent.

Independent (Definition: P(X∈A,Y∈B)=P(X∈A)P(Y∈B))

•Stronger condition: knowing one variable gives no information about the other.

•Independence ⇒ Uncorrelated (if variances exist).

Key Differences

•Independence is a stronger property.

•Uncorrelated only removes linear relationships.

•Uncorrelated ⇏ Independent.

ML Relevance

• Most ML models care about uncorrelatedness because they only model linear 

relationships.

• True independence is rarer and much harder to check, but it’s what we 

assume in stronger probabilistic models
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Gaussian Distribution

𝑓(𝑥|𝜇, 𝜎2) =
1

2𝜋𝜎2
𝑒
−
𝑥−𝜇 2

2𝜎2



Multivariate Gaussian Distribution
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Properties of Gaussian Distribution
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Central Limit Theorem

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

1 2 3 4 5 6

X

Probability mass function of a biased dice
Let’s say, I am going to get a 
sample from this pmf having a 

size of 𝒏 = 𝟒

𝑆1 = 1,1,1,6 ⇒ 𝐸 𝑆1 = 2.25

𝑆2 = 1,1,3,6 ⇒ 𝐸 𝑆2 = 2.75

⋮

𝑆𝑚 = 1,4,6,6 ⇒ 𝐸 𝑆𝑚 = 4.25

3.52.51 4.5 6

• According to CLT, if you sample enough from any distribution with finite variance 
you will get an approximate Gaussian distribution.

• No matter what the population looks like, the average of many samples looks 
Normal.

• Explains why the Normal distribution is everywhere in statistics and ML.



Prob vs Likelihood

Probability predicts data from parameters.

Likelihood evaluates parameters from data.

•Probability
• Forward direction: given parameters, what’s the chance of 

data?
• 𝑃 data ∣ 𝜃
• Example: If the coin has bias 𝜃 = 0.7, what’s the probability of 

8 heads in 10 tosses?
• Varies with different outcomes of data.

•Likelihood
• Reverse view: given data, how plausible are parameters?
• 𝐿 𝜃 ∣ data ∝ 𝑃 data ∣ 𝜃
• Example: I observed 8 heads in 10 tosses. How likely is it that 

the coin’s bias is 𝜃 = 0.7?
• Varies with different parameter values.



Prob vs Likelihood



Prob vs Likelihood
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Maximum Likelihood Estimation

3
5

Main assumption:
Independent and identically distributed random variables

i.i.d



Maximum Likelihood Estimation

For Bernoulli (i.e. flip a coin):

Objective function: 𝑃 𝑥{𝑖}|𝜃 = 𝜃𝑥
{𝑖}

1 − 𝜃 1−𝑥{𝑖} 𝑥{𝑖}∈ 0,1 𝑜𝑟 {ℎ𝑒𝑎𝑑, 𝑡𝑎𝑖𝑙}

𝐿 𝜃|𝑋 = 𝐿(𝜃|𝑋 = 𝑥{1}, 𝑋 = 𝑥{2}, 𝑋 = 𝑥{3}, … , 𝑋 = 𝑥{𝑛})

i.i.d assumption

𝐿 𝜃|𝑋 =ෑ

𝑖=1

𝑛

𝑃 𝑥{𝑖}|𝜃 =ෑ

𝑖=1

𝑛

𝜃𝑥
{𝑖}

1 − 𝜃 1−𝑥{𝑖}

𝐿 𝜃|𝑋 = 𝜃𝑥
{1}

1 − 𝜃 1−𝑥{1} × 𝜃𝑥
{2}

1 − 𝜃 1−𝑥{2} …× 𝜃𝑥
{𝑛}

1 − 𝜃 1−𝑥{𝑛} =

= 𝜃σ 𝑥{𝑖} 1 − 𝜃 σ(1−𝑥{𝑖})

𝐿 𝜃|𝑋 =ෑ

𝑖=1

𝑛

𝑃 𝑥{𝑖}|𝜃



We don’t like multiplication, let’s convert it into summation

What’s the trick? Take the log

𝐿 𝜃|𝑋 = 𝜃σ 𝑥{𝑖} 1 − 𝜃 σ(1−𝑥{𝑖})

𝑙𝑜𝑔𝐿 𝜃|𝑋 = 𝑙 𝜃|𝑋 = log 𝜃 ෍

𝑖=1

𝑛

𝑥{𝑖} + log 1 − 𝜃 ෍

𝑖=1

𝑛

(1 − 𝑥{𝑖})

𝜕𝑙(𝜃|𝑋)

𝜕𝜃
= 0

σ𝑖=1
𝑛 𝑥{𝑖}

𝜃
−
σ𝑖=1
𝑛 1 − 𝑥{𝑖})

1 − 𝜃
= 0

𝜃 =
1

𝑛
෍

𝑖=1

𝑛

𝑥{𝑖}

How to optimize 𝜃?

•If your data has 70% ones, the probability that 

best explains it is θ = 0.7

•Any other θ would make the observed pattern 

less plausible
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