Happy Wednesday!

* HW 1 is due on Feb 13
« Math part of course is over (mostly) ©
 HW2 is releasing on Feb 13

e Covers kMeans, EM, GMM.

« Mahdi will cover next week's lecture. GMM
(Very Important topic).
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60+ hours on 16 GPU nvidia CUDA cluster.
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Outline

= Clustering

= Distance functions
= K-Means algorithm
" Analysis of K-Means
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Clustering Images

e —

Image
Databases

——

Goal of clustering:

Divide object into groups,
and objects within a group
are more similar than
those outside the group
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Clustering Other Objects: Slmllarlt A‘ icMatte
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Clustering hand digits
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Image credit: Scikit learn

t-SNE embedding of the digits (time 5.265s)
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https://scikit-learn.org/stable/auto_examples/manifold/plot_lle_digits.html

Clustering is Subjective

What is consider similar/dissimilar?

Clustering is subjective
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» You pick your similarity/dissimilarity function

» The algorithm figures out the grouping of objects based on the
chosen similarity/dissimilarity function

¢ Points within a cluster is similar
e Points across clusters are not so similar

» Issues for clustering

o How to represent objects? (Vector space? Normalization?)
¢ What is a similarity/dissimilarity function for your data?
¢ What are the algorithm steps?



How is clustering useful?

cDA

Helping us make decisions about the quality of our data

ldentifying communities or categories of items to better understand our
data

= Are there unexpected clusters?‘/f /

= Are there more clusters than classes in a labeled dataset?L

» Are there data points that don’t fall in any groups? &——

Streamlining tasks such as database search and data labeling

|dentifying whether there are natural separations in our dataset before
proceeding to a classification task

Many other use cases...
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" Clustering /

= Distance functions
= K-Means algorithm
" Analysis of K-Means
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Properties of distance functions

» Desired properties of distance functions:

= Symmetry: d(X,y) = d(y, X)
= QOtherwise you could claim “Alex looks like Taylor, but Taylor looks nothing
like Alex”

= Positive separability: d(x,y) = 0, ifandonlyifx =y
= QOtherwise there are objects that are different, but you cannot tell them
apart

= Triangularinequality: d(x,y) < d(x,z) + d(z,y)
"= Otherwise you could claim “Alex looks like Taylor, and Alex looks like Chris,
but Taylor does not look like Chris”

13
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Distance functions for vectors s WW

\
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= Suppose two data points, both in R?
X = (x{, Xy, ..., Xp)
y = O1,Y2, YD)

N
v

* Euclidean distance (L2-norm): d(Xx,y) = \/Z?zl(xi — y;)?

= | Minkowski distance (Lp-norm); d(Xx,y) = ’ Z’i)zl(xi — y; )P
At

" Euclidean distance: p = 2
" Manhattan distance: p = 1,d(X,y) = ?zl |x; — vi]
= “Inf’-distance: p = o,d(X,y) = max |x; - y;]

L
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Example

= Euclidean distance: d(Xx,y) =J§]?=1(xi — ;)% = \/(7 —3)2+(3—-6)2=5
= Manhattandistance: d(x,y) = |7 —3|+|3—-6|=7 _

» “Inf’-distance: d(x,y) = max(|7 — 3|,|3 —6]) =4

feature 2

6

(3"

(3%

feature 1
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Hamming distance

» Manhattan distance is also called Hamming distance when all features

are binary

= Count the number of difference between two binary vectors

= Example, x,y € {0,1}7

123}’2‘\56789101112131415[617
x 01 1jofoj1fo o 1]ofloj1 1 1 0 |o|1
CyOlllOOOOllllllOll
5_\/\/l/ \/\/v(l

d(x,y) =5

* When is the Hamming distance used?

* When features are categorical

* e.g., DNA sequences, yes/no survey answers, on/off flags.
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Edit distance —F  c<foee Ay A

= Transform one of the objects into the other, and measure how much effort
It takes
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Some problems with (Euclidean) distance
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Curse of Dimensionality

*Refers to the phenomenon where the efficiency and
effectiveness of algorithms deteriorate exponentially as the
dimensionality of the data increases.

*In high-dimensional spaces, data points become sparse, making
It challenging to discern meaningful patterns or relationships
due to the vast amount of data required to adequately sample
the space.

*Curse of Dimensionality significantly impacts ML algorithms in
various ways. It leads to increased computational complexity,
longer training times, and higher resource requirements.
Moreover, it escalates the risk of overfitting and spurious
correlations, hindering the algorithms' ability to generalize well
to unseen data.

*The curse of dimensionality is both geometric and statistical:

distances lose contrast, and learning requires far more data. Georgia
Dimensionality reduction mitigates both effects. Tech
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Motivating example: Image compression

Communication bottlenecks

Source: Giphy

Source: Reddit |

Gr Georgia
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https://www.reddit.com/r/gatech/comments/6790d9/drone_shot_of_tech_tower_at_sunset/
https://giphy.com/gifs/reactionseditor-drone-april-fools-xUA7bcuTndaPQ6jtew

How is image data stored?

Cr
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How is image data stored?
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How is image data stored?
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How is image data stored?
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How are colors distributed in RGB space?

Ren
\ 250

A

L 250

B channel
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What if we encoded this image?
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What if we encoded this image?

Original image

«Size: 600 x 400 pixels
*Each pixel: 3 channels x 8 bits = 24 bits. 600 x 400 x 24 =\5,760,000 bits

Compressed image
(a) Dictionary cost (negligible)
6 colors

*Each color = 3 channels x 8 bits : ‘HQ
3 X 6)X 8 = 144 bits < "““5&?“

(b) Pixel indices
We only need to store which of the 6 colors each pixel uses.
*Number of choices = 6

*Bits needed per pixel:
loga6
So:
@ X z@x} 720,000 bits

5,760,000 9 28
720,000 :
Georgia

Tech

4. Compression ratio




Compressed image

K=6 K=24

29

Motivation 2: We can use compressed image to insert into an ML algorithm
for training detecting sky or building or grass. It has much processed input G['Gemgia
than a complex rgb image input. Tech



Diskotion
K-Means Algorithm k%ﬂ

9«’1) 0 o Initialize k cluster centers, {cy, Co, ..., C}} , randomly

¢ Do

g\ef \ ¢ Decide the cluster memberships of each data point, x; by EX VECTAT‘ON
)

assigning it to the nearest cluster center (cluster assignment

(i) = argminj—q, “xi — Cj”2

9@? Z ¢ Adjust the cluster centers (center adjustment)

1 M AKX ML ZAT(OG‘)
7T Ham® =j}|i;)x"

¢ While any cluster center has been changed

N o Tichken Ve st dagdy
Vit - Crég



K-means algorithm (in plain English)

Initialize the number of clusters and their centers

Compute the distance between each point and each cluster center.

Assign each point the cluster id of the nearest cluster center

Recompute the cluster centers based on the cluster assignment to each point

Repeat steps 2 and 3 until convergence

UTSRJW N

Visualizing K Means
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https://www.naftaliharris.com/blog/visualizing-k-means-clustering/
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K-Means: Step 1
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K-Means: Step 2
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K-Means: continue
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ondi deomn dickomnee.
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Some implementation questions

= Will different initializations lead to different results?
a. Always

Will the algorithm always stop after some iteration?
-Yes
b. No (we have to set a maximum number of iterations)

Georgia
Tech
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Formal Statement of the Clustering Problem

® Given n data points, {x{, X, ..., X,} x € R?
® Find k cluster centers, {c1,C9, .., Cr}C E R4

® And assign each datapoint i to one cluster, 7(i) € {1, ..., k}

® Such that the averaged square distances from each datapoint to its respective
cluster center is small

FRST ORJECTWE FONCT 0N

Gr Georgia
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Outline

" Clustering
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Clustering is NP-Hard

» Find k cluster centers,{cq, c,, ...,C;} CE Rd, and assign each
data point i to one cluster (i) € {1, ..., k}, to minimize

mmZuxl ~ crol

¢ A search problem over the space of discrete assignments

« For all n data point together, there are kN possibility
¢ The cluster assignment determines cluster centers, and vice versa

" .
Q . .
% - - "] L ’
- ’ \‘ ’ . :
E . [} \ ’
o L F ] -
L LY, i‘ .
“' \ '
LY 'l
-
Local j'...
mMinimum i
Global 7
minimum Georgia
Search space Tech.
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https://en.wikipedia.org/wiki/NP-hardness
https://en.wikipedia.org/wiki/NP-hardness
https://en.wikipedia.org/wiki/NP-hardness

¢ For all N data point together, there are@ossibility

X = {A,B,C}
n=3 (data points)

k=2 clusters of two members

Cluster 1 Cluster 2
ABC ¢ 3 -
oy rys 9 poss hilkey
A D C (8
c ALt pa
3

“Qj AC

hC ~

A RC

Gr Georgia
Tech



» Will kmeans objective oscillate?
D man:Hxl — cn(l)H >< No

» The minimum value of the objective is finite

» Each iteration of kmeans algorithm decrease the objective
¢ Cluster assignment step decreases objective

o (1) = argminj=y,_x || 2 for each data point i

— Cap |
¢ Center adjustment step decreases objective

1
o (i = |{i:n(i)=j}|2i:ﬂf(i)=j X = argmin, zlﬂ'(l)_]”xl o CTT(I)”

duill



¢ Y g
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® Assume computing distance \\1—3\\2 = 0(d)

between two instances is O(d) where )
d is the dimensionality of the vectors.  ahpoink = O(r

U I B

Time Complexity A
{

Telal = 0 knd )
*Reassigning clusters for al L et = O
atapoints: R
-0(kn) distance computations (when ¢ itetafes © 0(Tkr )

there is one feature)
~ O(knd) (when there is d features)

® Computing centroids: Each instance
vector gets added once to some
centroid (Finding centroid for each

feature): O(nd).
® Assume these two steps are each

done once for | iterations: O(lknd). .
Crwa”

Slide credit: Ray Mooney. 43



H ek MWM
How to Choose K? «— ore

O
D i’: @)
Elbow method D © o ©

Best Number of Clusters o ©
at the “"Elbow” °

Objective Function Value
l.e,, Distortion

1 2 3 4 5 6 7 Ouachates.,

Number of Clusters ——

Distortion score: computing the sum of squared
distances from each point to its assigned center

Gr Georgia
Tech.

Image credit: Dileka Madushan. 44



Limitations of K-Means & Q
M

" |ocal minima " Cluster shape
= Can we fix it? = Can we fix it?

Qe &m

o o ( rnans = Pl ha
, 197>
élMM —> L)M—Q.OQ 6
= Susceptibility to outliers o Pmm;fj,%a
= Can we fix it? ao’aﬁf
N\ - @
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