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Motivating Example: Data Visualization
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Difficult to see the correlations of different features

53 blood and urine samples 

(features) from 65 people



Motivating Example: Data Visualization
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A Solution: Dimension Reduction



Another Example: Dimension Reduction for Text

5



Bag-of-Words Representations 
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Each document is an Instance

Each word is a feature

Vector in 𝑅𝑑

Type equation
here.



Term-Document Data Matrix – Bag-of-words
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Solution: 

Dimension 

Reduction

… Many more features

https://en.wikipedia.org/wiki/Document-term_matrix
https://en.wikipedia.org/wiki/Document-term_matrix
https://en.wikipedia.org/wiki/Document-term_matrix
Bag-of-words
Bag-of-words
Bag-of-words
Bag-of-words
Bag-of-words


From geeksforgeeks



What is Dimension Reduction?
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Applications of Dimension Reduction
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PCA: Dimension Reduction by Capturing Variation
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Projection



Standardization



Objective Function



Were ht. and wt. features correlated?

So what does PCA do?

•Combines correlated features into a single axis that captures their shared 

information.

•The new direction z is aggregation of existing features. Aggregation of weak 

signals. 

•Reduces dimensionality by keeping only the most informative directions —

leading to simpler data representation while preserving most of the signal.



Capturing Variation in Data

1
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Two Equivalent Perspectives of PCA
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What is variance equation? 𝑉𝑎𝑟 𝑥 =
1

𝑛
෍

𝑖=1

𝑛

(𝑥𝑖−𝜇)
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Formulating the Problem
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𝑤 = ෍

𝑗∈𝑑

𝜔𝑗
2 = 1

We constrain the norm of w to be 

equal to one to avoid having very 

large variance in each new 

dimension. 

𝑥1, 𝑥2, … , 𝑥𝑛 ∈ 𝑅𝑑
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𝑛
෍

𝑖=1

𝑛

𝑥𝑖

𝑅𝑑

𝑛



in new feature space

𝑥1, 𝑥2, … , 𝑥𝑛 ∈ 𝑅𝑑

𝑤 = ෍
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𝜔𝑗
2 = 1
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෍
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max
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An Optimization Problem
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𝐴𝐵 𝑇 = 𝐵𝑇𝐴𝑇

= 𝑤𝑇𝐶𝑤
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𝑛
෍

𝑖=1

𝑛

(𝑥𝑖𝑤 − 𝜇𝑤)2 =
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෍
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=
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෍
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𝑛
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𝑇
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𝐴 𝐵

𝑤𝑇(
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 − 𝜇 𝑇 𝑥𝑖 − 𝜇 )𝑤

Covariance matrix
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𝑛
෍

𝑖=1

𝑛

𝑤𝑇 𝑥𝑖 − 𝜇 𝑇 𝑥𝑖 − 𝜇 𝑤



Let’s optimize it



Equivalence to The Eigenvalue Problem
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max
||𝑤||=1

𝑤𝑇𝐶𝑤

If 𝑤 is a maximum of the original 

optimization problem, then there exist a 𝜆, 

where (𝑤, 𝜆) is a stationary point of L(w, 𝜆)

Therefore:

𝜕L w, 𝜆

𝜕𝑤
= 0 = 2𝐶𝑤 − 2𝜆𝑤 ⇒ 𝐶𝑤 = 𝜆𝑤

𝐿 𝑤, 𝜆 = 𝑤𝑇𝐶𝑤 + 𝜆(1 − 𝑤𝑇𝑤)

Objective function:



Eigen-Value Problem
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C is also a positive semidefinite matrix

𝑑: dimension

𝑅𝑑×𝑑

𝑅𝑑

𝑤1, 𝑤2, … , 𝑤𝑑 for its corresponding 

𝜆1, 𝜆2, … , 𝜆𝑑

𝑤𝑖
𝑇𝑤𝑖 = 1 𝑤𝑖

𝑇𝑤𝑗 = 0

https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
https://en.wikipedia.org/wiki/Definiteness_of_a_matrix


Principal Direction of the Data
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Variance in the Principal Direction
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𝐶𝑤 = 𝜆𝑤 = 𝑤𝜆

𝑤𝑇𝐶𝑤

𝑤𝑇𝑤𝜆



Multiple Principal Directions
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𝑤1, 𝑤2, …

𝑤1, 𝑤2, …



Relations Between Principal Components
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How to decide how many dimensions we want to 
reduce
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The PCA Algorithm
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𝜇 =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 − 𝜇 𝑇 𝑥𝑖 − 𝜇

𝑤1, 𝑤2

𝑧𝑖 =
(𝑥𝑖 − 𝜇1)

𝜎1
𝑤1

(𝑥𝑖 − 𝜇2)

𝜎2
𝑤2 …

Standardization

𝑥1, 𝑥2, … , 𝑥𝑛 ∈ 𝑅𝑑

𝑧 ⇒ n × 𝑘

𝑘 ≪ 𝑑

𝑛
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Singular Value Decomposition
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ത𝑋𝑛×𝑑
n: instances

d: dimensions

X is a centered matrix

ത𝑋 = 𝑈Σ𝑉𝑇

𝑈𝑛×𝑛 → 𝑢𝑛𝑖𝑡𝑎𝑟𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 → 𝑈 × 𝑈𝑇 = 𝐼
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Matrix compression: K dimensions out of d 



According to PCA ➔𝐶𝑤 = 𝜆𝑤 = 𝑤𝜆

Covariance 𝐶𝑑×𝑑 =
1

𝑛
σ𝑖=1
𝑛 𝑥𝑖 − 𝜇

𝑇
𝑥𝑖 − 𝜇 =

ത𝑋𝑇 ത𝑋

𝑛

ത𝑋 = 𝑈Σ𝑉𝑇

𝐶 =
ത𝑋𝑇 ത𝑋

𝑛

𝐶 =
𝑉Σ𝑇𝑈𝑇𝑈Σ𝑉𝑇

𝑛
=
𝑉Σ2𝑉𝑇

𝑛

Centering X

𝐶 =
𝑉Σ2𝑉𝑇

𝑛
= 𝑉

Σ2

𝑛
𝑉𝑇



𝑉 is the eigen vectors of covariance (Principal directions)

𝜆𝑖 =
𝜎𝑖
2

𝑛
➔ The eigenvalues of covariance matrix

Let’s project the data (X) on principal directions:

ത𝑋𝑉 = 𝑈Σ𝑉𝑇𝑉 = 𝑈Σ

ത𝑋𝑽 is linear combination of the original data (x-space) features

p1 = [𝑢1×1Σ1×1 , 𝑢1×2Σ2×2 , … , 𝑢1×𝑘Σ𝑘×𝑘]

Projection of one instance (𝑥) on the first principal direction using k dimensions

p2 = [𝑢2×1Σ1×1 , 𝑢2×2Σ2×2 , … , 𝑢2×𝑘Σ𝑘×𝑘]

𝑈 ⇒ 𝑛 × 𝑘
Σ ⇒ 𝑘 × 𝑘

Upper left corner

According to Eigen-decomposition definition ➔𝐶𝑉 = VΛ

𝐶𝑉 = 𝑉
Σ2

𝑛
𝑉𝑇𝑉 = 𝑉

Σ2

𝑛



ത𝑋 = 𝑈Σ𝑉𝑇

Principal components (Scores) or projections on principal directions

Eigen values 𝜆 =
Σ^2

𝑛

Eigenvectors (principal directions) V

In fact, using the SVD to perform PCA makes much better sense 
numerically than forming the covariance matrix to begin with, since 

the formation of 𝑋𝑇𝑋 can cause loss of precision.



Are Principal Components Good for Classification?
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Why PCA potentially works in classification?  

The dimension with the largest variance
corresponds to the dimension with the largest
entropy and thus encodes the most information
(Information Theory). The smallest eigenvectors will
often simply represent noise components.

If a dimension has very little variance, the values are
almost the same for all samples, so that dimension
does not help distinguish between classes.

https://en.wikipedia.org/wiki/Principle_of_maximum_entropy
https://en.wikipedia.org/wiki/Principle_of_maximum_entropy
https://en.wikipedia.org/wiki/Principle_of_maximum_entropy
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Summary

• PCA
Finds orthonormal basis for data

Sorts dimensions in order of “importance”

Discard low significance dimensions

• Uses
Get concise low-dimensional representations

Remove noise

• Not magic
Doesn’t know class labels

Can only capture linear variations

43



Image compression using PCA



When does PCA work and for what?

Use Case Why PCA Works When to Use It

1. Aggregating 

correlated 

dimensions 

(feature 

reduction)

merges correlated features into a 

smaller number of uncorrelated

components that explain most of the 

data’s variance.

When features are linearly 

related (e.g., many sensors 

measuring similar signals).

2. Data 

visualization (2D 

or 3D)

finds the axes of greatest variance, 

which are usually the most 

informative for viewing high-

dimensional data.

When you want to plot or 

explore high-dimensional 

data (e.g., projecting 100D 

embeddings to 3D).

3. Noise 

reduction / data 

compression

keeps only the top ( k ) components 

with the largest eigenvalues, 

effectively filtering out low-variance 

(noise) directions.

When you want to 

compress data while 

preserving the most 

structure — e.g., image 

compression, signal 

denoising.

4. Preprocessing 

before 

classification or 

clustering

PCA can remove redundancy and 

noise, making downstream 

algorithms (like k-NN, SVM, or k-

means) faster and less sensitive to 

irrelevant features.

When input features are 

highly correlated or too 

many for your classifier to 

handle efficiently.



When PCA struggles or fails?

Issue Why it matters

Nonlinear 

relationships

PCA only captures linear patterns. If your data lies 

on a nonlinear manifold (like a spiral or circle), 

PCA will fail to uncover it. (Techniques like kernel 

PCA or t-SNE work better.)

Outliers
PCA is variance-based, so outliers can distort the 

direction of principal components.

Different scales
If you don’t normalize your features, those with 

larger scales dominate the components.

Interpretability

Principal components are linear combinations of 

features — they may not have a clear real-world 

meaning.

When all features are 

uncorrelated

If features are already independent, PCA won’t 

reduce dimensionality — it can’t compress noise.



Quick Knowledge Check

• In PCA, which mathematical property defines the new axes (principal components)? A. 
Eigenvectors of the data. B. Eigenvectors of the covariance matrix. C. Feature 
correlation coefficients

• Why is it necessary to normalize features before applying PCA? A. To make features 
linearly independent. B. To ensure features with larger scales do not dominate the 
variance. C. To remove correlation between variables

• What does a large eigenvalue represent in PCA? A. A noisy or redundant direction. B. A 
direction with low variance. C. A direction capturing significant variation (signal)

• Why is SVD preferred over directly computing eigenvectors of 𝑋𝑇𝑋? A. SVD can be 
used only for square matrices. B. 𝑋𝑇𝑋can lose precision and is computationally 
expensive. C. SVD requires manual normalization

• Which of the following is not a common application of PCA? A. Image compression. B. 
Noise reduction. C. Feature extraction for visualization. D. Handling categorical 
variables directly

• When does PCA tend to fail? A. When features are correlated. B. When data has 
nonlinear relationships. C. When dimensionality is high

• What do the smallest eigenvalues in PCA typically represent?. A. The most informative 
directions. B. Noise or unimportant variation in data. C. The directions of maximum 
entropy
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