Announcements

» Midterm Assessment next Wednesday

 Practice materials: Class slides/videos, Homeworks, weekly
quizzes, weekly quiz practice test, assessment practice test

« Don’t forget your laptop, camera (if needed), cheatsheet (1 page
only), buzzcard and pen/pencil. Scratch paper will be provided if
needed.

* Please be in class on time. The quiz will unlock on Canvas at 3:30
PM

* The exam duration is 1 hour but you may need some time to log in
using Honorlock

 Everything covered upto clustering evaluation is on the syllabus
« HW3 is out

» Mid semester Anonymous Survey Out on Canvas. Due next Sunday

Gr Georgia
Tech



The Moment
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Incoming ML HW3
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Recap - " ¥
Y: Lot

» PCA used for? /X W/

» PCA supervised or unsupervised? 'T‘*O( -

K dimarmtion —3 2 (J‘M'.g"

Supervised dimensionality reduction - Forward feature Selection
o I e. 33 [ o

\/
ol
Start with no features. A:‘) E{- L»Q
Add features one at a time — at c,ﬂﬂ
m X g @{, e
&

each step, choose the feature that
gives the biggest improvement to

model performance (e.qg., A ’\ < )

accuracy, R?, AIC). 97° /
*Stop when adding new features ‘5 0
no longer improves performance \ | \‘ [ L JJ ' L J g g\oo

beyond threshold. »: 0 / p:
o bo' Y Georgia
M 4 Lontons a/de bed P Tect?



Backward Feature Selection .

«Start with all features.
‘Remove features one at a
time — at each step, drop
the feature whose removal
least reduces model
performance.

*Stop when removing any
more features harms
performance too much.

Both forward and bﬂ:kJLaLd_fealul:e.sele.dm\n)are quite computationally expensive

e G e
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These slides are inspired based on slides from Mahdi Roozbahani, Le Song, Chao Zhang, Tech

Yaser Abu-Mostafa, Andrew Zisserman.
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» Supervised Learning <
 Linear Regression

 Extension
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Supervised Learning: Overview ,}5\2 Q)wb- B
S £ (1)
Functions F Training data s, f
fi—)Y (1, @X@ fi% |
e ft'e= Iig

il

: find/ f € S
LEARNING : / P @
i S.t. @ _ g
NressesnsessiTETeeseecsisseesst  LO@rning machine

@ New data
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Supervised Learning: Split of data o — sl

F0°),

Training Set

* Purpose: Used to fit the model — the
algorithm learns patterns, relationships, and
weights from this data.

 What happens here: The model adjusts its
iInternal parameters to minimize error.

« Analogy: Like studying the material before
an exam.

Validation Set

* Purpose: Used to tune hyperparameters
and make design decisions (e.g., how many
layers, what learning rate, etc.).

 What happens here: The model is not
trained on this data; instead, it helps to
evaluate how changes affect performance,
preventing overfitting.

* Analogy: Like taking practice tests to
decide which study strategy works best.

20(o

Test Set

and tuning.

ability.

 Purpose: Used to assess the final
performance of the model after all training

 What happens here: No further learning or
tweaking — it provides an unbiased
estimate of the model’s generalization

« Analogy: Like the final exam — measures
how well you really learned the material.

Gr Georgia
Tech



Supervised Learning: Two Types of Tasks

Given: training data {(x{l}’ y{l})’ (x{z}’ y{z})’ e (x{n}, y{n})}
Learn: a function f(x) C Y = f(x) e} &.0 ,(,Q,Ql ud
(o VL
When y is continuous: When y is discrete; ()cddw \w

7 e
N
1. Regression 2. Classification
\ dhii'} 1 7 YVT
o

i

Curve fitting j 2 6 @ Class estimation
Lo

Gr Georgia
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Classification Example 1: Handwritten digit recognition

- — 0/‘1 l/ g L‘/S 61718:ﬁ
As a supervised classification problem Class )2y

Start with training data, e.g. 6000 examples of each digit

ool N (/A2
de2adQ9 2 RA5>7
3¢ 7914147046 >
e & 772\ 71T48%79
b8 T3 49977

» Can achieve testing error of 0.4%

* One of first commercial and widely used ML systems (for zip codes & checks)

Gr Georgia
Tech 1

0



Classification Example 1 Hand Written Digit Recognition

(e proceesry / CD""OM@Q«%M
%'D evaiovadity Q@Q‘LJ“”"< %m Rdwe Sclechon

ol /]|24d Y
<|lb|7]2] 4

' A classification problem
Images are 28 x 28 pixels - p ™ e

Represent input image as a vector x € R784
Learn a classifier f(x) such that,

f:x—»{0,1,2,3,4,5,6,7,8,9}

. Georgia
Al Tech 1



Classification Example 2: Spam Detection

QD Jeshe erestey
Google  spam - I @ sermove Z‘iﬂ“’”‘"‘/

\ ok

Gmail - v C Mare -

m I Dalete all spam messages now (19553995 that have been in Spam maone than NOT SPAM
Customer Service You still have product(s) in your basket - Healthy Living Lifestyle Pre

Inbox (994) o*

— Sherley Rhoda From Sherley Rhoda _ o 3 >

. o ® .,
Sent Mail Customer Senvice Aclivate your faverite videosireaming senvice - Your activation code is re X »¥ " b
9 e . .
Uﬁlﬂ - S
; Healthy Living We have added your shopping credits today - Healthy Living & Co | .f ." ’!"'.‘ ™

Lessa % * Wﬂ :.' 9’: B
Shiningltd Team 13 inch wifi Android 05 tablet pc - SHININGLTD Our Alibaba Shop € . . ’.'$ > N J '." ; o‘.’ - s

Important *e :. % .:.: e .h.’ . o3
wikiHow Community Team (Z) Congratulations on your article's first Helpful Votel - Congratulations! A | .’ *.° iy 8-‘,‘. " ." ol &

mp= . P g (% & ’ G °
Freslotto Jessa, MOTICE of FORFEITURE - Do not ignore? - NEVER miss an P ‘e K ::0 o ? :'(.g.:. : .®
i .. eo? L °
Good Fella's Qur wam assigned you to receive our new phone - Good Fella's Au: - ° .. . ®° g
Jason Squires Make 2018 your best year yet - Hi there, Hope you're well, and have h
Bunnings January amivalg - Image Congratulations Jesse Eaton! We have a very SPAM
A classification problem

* This is a classification problem

* Task is to classify email into spam/non-spam

* Data x; is word count

. Requi | : ‘ " K : : Georgia

equires a learning system as "enemy” keeps innovating Tech
ech.
1



Regression Example 1: Apartment Rent Prediction

¢ Suppose you are to move to Atlanta

¢ And you want to find the most
reasonably priced apartment satisfying
your needs:

square-ft., # of bedroom, distance to campus ... A regression problem
. b,——‘ \ ‘\
[ Living area (1) | # bedroom / Rent ($) 6 7N

Gr Georgia
Tech 1



Regression Example 2: Stock Price Prediction

| yor
i

|

A\

S&P/TSX COMPOSITE

as of 4-Apr-2008
5NN i el T i TE e i iR

94& 14000 |
¢ Y1 sl
S
12000 |
11000 |-

400001 0 .. | . . . [ . .. .} _ . .} o _ . 4§ _ ..,
n_qoe Sepo06 Jan07 na¥07 Sepo07 Jan0g
LWL (N N B MNECING ML A I LB N I R

3400.0 B

= 200.0

) =
0.0
Copyright 2008 Yahoo! Inc. http://finance .yahoo .com/

» Task is to predict stock price at future date

A regression problem

Gr Georgia
Tech. 1



Voo

of

Living area—>

(N

15

¢ Features:
¢ Living area, distance to campus, # bedroom ...
o Denoteas x = (xq, X9, ..., X ) {po~
¢ Target:

¢ Rent
e Denotedasy

| l 9‘0"\" 9\1“( |
po e
| b{\a.b Feim —l—o’17

Gr Georgia
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= 9 * 9\1. ¥ 9{1 + oo
U’pr\ﬁ J ‘3r R o e
¢ Training set:

X = {x{l} x{z} x{n}} € Rd

Py =UEYE P O+ &.1,1-9;1;
P W

N r 9{) “

7@/ - 9/’
2B t

‘X.%«w%@l




Regression: Problem Setup o

>
| /3“
| (4
N
o
‘Q of i Yo ‘ 725
S e
. o /
. | Jue
o1 VS
exvel

* Suppose we are given a training set of N observations

* Regression problem is to estimate y(x) from this data

Georgia
v Gl" Tech.



Outline

» Supervised Learning

» Linear Regression <«
« Extension
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Linear Regression

» Assume vy is a linear function of x (features) plus noise €
A M ISE.
yP — 90 + lel + -+ ded

¢ where €is an error term of unmodeled effects or random noise

o Let @ = (0,04, ...,84)", and augment data by one dimension

o
«
o X
Y 9 £orm
o Then y =x0 + ¢ 1o
0o



http://madrury.github.io/jekyll/update/statistics/2017/08/12/noisy-regression.html
http://madrury.github.io/jekyll/update/statistics/2017/08/12/noisy-regression.html

EYQ] —— Qxfedn:(\an

[Least Mean Square Method \ ;%LAL g 4 qf“e\

¢ Given n data points, find 8 that minimizes the mean square
error

Training g = argmin o(L(0) =

Comt AE (e)
o Our usual trick: set gradient to 0 and find parameter 90 0
dL(6

_— '\~ )

N

N

n 4 N &
1=1 =1 |
Georgia
. /‘(ﬂw—\ Gl" Tech.




Matrix form

1 xil} {1} V1 90
2} {2} Y2 0
x=|[1 * X |l y=|T ] 0= 1
1 xin} xc{in} Vn Hd
nx(d+1) nx1 (d+1)x1

MSE(6) = argmin o L(6) £ = (y — x@)T@
}

O + O1x 7 + 0,2 4 o+ G xl)
w0 — | 00+ 6167 + Hzx{z} + ot GgxtH

B + B1x + Hzx{"} ot Ggx Y Geurgi

nx1



\’ - ‘ /\ .
Matrix Version and Optimization 1

\5L(0) ” z‘}/ﬂ@ %

Let's rewrlte it as: g,(ou seﬂ

—

dL(6)

N (, (1) Mg —
EY: e, X )(x e, X )9 0

= 2 (e, 2T ()
n

DefineX = (x'U, ..., x"}) andy = e, y )

oL(8) 2

= ——X y+—XT @1603 “YQMM

F — X* is the pseudo-inverse of X
T - Georgia

X) ! Ty X+yJ XTXX+ sz GrTech.

JL




0 =(XTX) XTy=X*y

e

Xnxd n = instances d = dimension

XTX = dXn nxd = d X d

Not a big matrix because n > d This matrix is invertible most of the times.

Ifwe are VERY unlucky and columns of X' X are not linearly independent (Its
not a full rank matrix), then it is not invertible. seorgia



Recap

Qgg = (X"X) X"y =X"y

- Why good? @ ( lowed Fom S

D Gkt
@ Wwﬂ% Crpose K/K

MJW &M]VQ/%Q

* Why bad?



Alternative Way to Optimize U \;

» The matrix inversionin 5 — (X7x)" 14T, can be very expensive to

compute

Wb
@ Z(x{l})T( (@ — x(3g) o «— § — & g/l;
ae\/

¢| Gradient descent \

y

ft+1l . pt

Georgia
- Gl" Tech



Alternative Way to Optimize

» Stochastic gradient descent (use one data point at a time)
01,-1»‘ | doka KO"‘}

1+l « Bt + B, x (x{l})T(y{l} x(39)

ook ) \M

\ ’Degwﬂ, ember

— Georgia
b i'\eml\'ﬂ Gl" Tech.



» Stochastic gradient update rule
gt+l  pt 1B (x{l})T(y{l} . x{l}g)

¢ Pros: on-line, low per-step cost
¢ Cons: coordinate, maybe slow-converging

¢ Gradient descent ¥
fr+1 o zz(x{i})T( v — x )
n
=1

¢ Pros: fast-converging, eEsy to implement
¢ Cons: need to read all data

» Solve normal equations /\
1y,

st to implement.

ﬁ/\\
&
‘\» /

\ 4
N ‘/ 7/

¢ Cons: need to compute inverse expensive, numerical

——“

issues (e.g., matrix is singular ..)




Quick Knowledge Check

1.

What is the main difference between regression and classification tasks? A.

\EE%Lession predicts discrete labels, classification predicts continuous outputs.

28

~Regression predicts continuous values, classification predicts discrete
labels. C. Both predict continuous values. D. Both predict categories

Which of the following is an example of a regression task? A. Detecting spam
emails\B(BPeﬂi/c%i\?\/g a car's fuel efficiency. C. Recognizing handwritten digits.

D. DetecCting positive vs. negative sentiments in reviews

n backward feature selection, what happens, at each step? A. The feature that
east improves performance is adde%feature that least reduces
performance is removed. C. The featuré with the lowest corr(eéation Is removed.
D. The most important feature is added p

n the linear regression equation y = wyx; + w,x, + - ¥ b/,what does b
represent? A. The slope of the model. B. The learning ra .Ws or
intercept term. D. The regularization penalty

What is the goal of the least mean square (LMS) method? A. Minimize
classification errors. B. Maximize model complexi\}(/Me the sum of
squared residuals between predictions and actual es. D. Minimize

correlation between features

Why is it important to include a bias term in linear regressiwow the
model to fit data that doesn’t pass through the origin. B. To normalize input
features. C. To regularize the model. D. To reduce computational cost Gl"

Georgia
Tech



LCF
: L 84 J 4 x)
=
 Objective function sk %3 @ &
< = (ya -6,
L(9>/ E(E}) N (= i
— - ] . )
+ Global solution g - (X ) X 1
—eéﬂkobaﬂ sol- o 14 be M””M}H

* Wh d? ,
yoRe > PM}‘A et veY

« oo
. Why bad? — Differat

o Co whe fwr\% )LTX
K = o Q\%" S owahimes ww,] e ax;lr('

6 (Outlicd




GDvs SGDVSBGD N omerical Appreades
N Btk o o
O &= 06 - & oL
| P
looke o tha @nh IWRE ertion, —> 1y
C.ammfﬁsh
ok ok | it ok atee —> TToo lorg
M (> — i Vﬁ mﬁe
L bk @ T K . “2\%
A’ oclm -
- A e hore ;J“’””"b” L"%. T)
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Tk /V\-O"(1 %Docj :fﬁ( |
Linear regression for classification Uess f;ﬁ:
Poblem S-[—afe/mﬁd"\ C(aw'{?. N
RaW I”pUt X = (1, xl’ ""x256) 5 Ve j— (W ‘Mwoqqfhl'(e—ﬂ

&31\5 USin ‘l.nw ' ijﬂow

Linear model (90, 01y «ev) 9256)

16

Extract useful information

intensity and symmetry 6 = (1, x4, x,) °

Sum up all the pixels = intensity
Symmetry = -(difference between flip version)

Gr Georgia
Tech



8 — (1' X1, xZ)

symmetry g
-

X1 = Intensity x, = symmetry

It is almost linearly separable .y
Hw to ol)ef Y clec,(sfom \\Ame Ug\YI \neal ?

X QT?@S)(QV‘) .
‘ [
‘.

intensity G-t
ecn.



Linear regression for clgfosification g
5 4\)0&(‘\"“ 6= (X )0 XW

Binary-valued functions/are also real-valued +1 € R

Use linear regressionz yW =41 | = jndex of a data-point

_ X{l}g <0 OVI He
Let's calculate( sign(xt"}0) L7 =0 L ouision
) 1

X{l}e >0 (Eme.

Gr Georgia
Tech



Linear regression for classification: Model Structure
|

For one data point (data-point i) with d dimensions (instance): —_‘Y
~LcF

LQ aEN
//@ G S L(*)—*"”O"“ mﬁ

EL)
1
l

| K i
i W QL&:P" 3 @?jjw WCU}HB_} binary classification \/ \/oc““%
Training: Qﬂoﬁ B TQ 1« 8%
' Testi .0
1.Take a training e>ng: f 4%

. . 1.Take a test datapoint
example xV, y® (i) 4@ P&
2.Compute s = x(g > o '
LOmpute s = x 2.Compute s = xVg
3.Compute the error 3.Compute sign(S)

4.Update parameters 4.Decide classification U oo
6 <0 —nVL



Gr Georgia
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https://www.math3d.org/UPNV11Qvxt

1.Use regression to compute
0 =(XTX)""XTy
2.That gives a specific vector 6.
3.Then the decision boundary is uniquely determined
on y=0 plane @rgg;s!ia


https://www.math3d.org/UPNV1IQvxt

I
p—

Average Intensity
.. Jia

Not really the best for classification, but it's a good start e



Why Linear Regression is not good for classification

1. Output Range Problem

Linear regression produces continuous outputs from —ooto +o0. But in classification
(e.g., predicting 0 or 1), you need probabilities — values between 0 and 1. If you try to
inte;pret the linear output as a probability, you'll often get nonsensical values (like 1.3 or
-0.5).

2. Poor Decision Boundary for Binary Classes

Suppose you define a rule like “if prediction > 0.5 — class 1, else — class 0.” Linear
regression will fit a line minimizing squared error, not a boundary that best separates
classes. That means outliers or overlapping regions can drastically skew the boundary.
In short: it's not optimizing for classification accuracy, but for minimizing distance
between predicted and actual numeric labels (0 or 1).

3. Sensitivity to Outliers

Because linear regression uses mean squared error (MSE), large errors (caused by
mislabeled or extreme data points) have a big impact. This distorts the model’s
predictions and decision line.

4. Non-linearity of Class Boundaries

Many classification problems have non-linear separations between classes. Linear
regression can only produce a straight-line boundary, so it fails when data isn't l'nﬁlll-YGEOFQia
separable. Tech.



Outline

« Supervised Learning
 Linear Regression

- Extension <
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Extension to Higher-Order Regression U

W Wﬁ({;n@fﬂ“’\ 0:5;

0 0.2 0.4 0.6 0.5 1

» Want to fit a polynomial regression model A A A

C"Q}jﬁ"/)) y=0p+0;x +0,x*+--+60,x%+¢

.@x‘ , } R and 6 = (6,64, 605, ...,04)7

Gr Georgia
Tech.



Least Mean Square Still Works the Same

» Given n data points, find 8 that minimizes the mean square
error

N

. 1 . )

0 = argmin g L(0) = gz(y{‘} (@)f
i=1 =~

o Our usual trick: set gradient to 0 and find parameter

aLa(H) p— __E(Z{l})’r y{l} Z{l}g) = ()

0La(9) = ——Z(z{l})Ty{‘} + — E(Z{l})TZ{‘}H =0

ueorgia
: Gl" Tech.




Matrix Version of the Gradient

z={1,x,x2..,x%} € R4 y = {yM,,= .,
oL(O) 2 ty+ 2T =0
0 = prytizief=
—1
=6 = (2" Z) 2"y =z*y

—

¢ If we choose a different maximal degree d for the polynomial,
the solution will be different.

Georgia
. Gl" Tech



What is happening in polynomial regression? MWJ

djm@,,glm

E[0,0.S,l, . 9.5,109 rf Oy + 01x + Hzx}

Ws,&%,
A

7.98,8]] Yo = 50 = 102 = =05

RMSE=0

| | | | | | Gr Georgia
! ! . . . 0 Tech.



Let's add to the feature space

x, =[0,051,..,9510] _x?=[0,0.25,1,...,90.25,100]
= [3,3.4875,3.95, ..., 7.98,8] -

——

TP T TT

0 2 4 6 8 TRgpy, o 2 4 6 8 TMOB0604050 oo 2 4 & & M

A model can look nonlinear in the original input space but still be GrGeorgia
linear in the parameters. Tech



We are fitting a D-dimensional hyperplane in a D+1 dimensional hyperspace
(in above example a 2D plane in a 3D space). That hyperplane really is 'flat' /
'linear’ in 3D. It can be seen a non-linear regression (a curvy line) in our 2D
example in fact it is a flat surface in 3D.

So the fact that it is mentioned that the model is linear in parameters

10

° HERRRL

0 2 4 6 8 10 0 2 4 6 8 TGy
X

Th_|s e>_<p|a|ns why we can model complex nonlinear relationships Georgia
using linear regression with transformed features. GI' Tech.






Increasmg the MaX|maI Degree

from Blshop

/%"/W

D=0

47

O\)@%’M
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We UQFJ{‘OWQ%&I@M Mm\wd—md

Concept of Bias

=

[Bra= oo EL6

Georgia
Tech.



Concept of Variance

 Variance measures how much the model’s predictions change if
you train it on a different sample of same data.

* A high-variance model is very sensitiveto small changes in the
training set.
— Even a slightly different dataset produces a very different
fitted curve.

* Qverfitting with high maximal degree leads to high variance

Gr Georgia
Tech



Bias-Variance Trade off Animation

We will have multiple prediction values (i.e. through Cross validation) E[yp]

s 8 AN
AN N
K;S\Ay\ \30
NG _12: (0} _ (0} 2_@ 2
éw\ » L(B)—nizlgy‘ —x‘H) = (ya—yp) ]

" x  —( O S“h
/s& e [ e
- é 2 A «/
(Elvpl = p)" +2(yq E[YPD(E[YP] B yp)
L - 2ak -
> e( el —m]]
(4 — EGYD T E{ e e d%upm; V)‘%égf':?ia


https://mlu-explain.github.io/bias-variance/

Why E[2(y, — E[y])(E[yp] = 3,)] =072

Vo — E|y,| |s a scalar, therefore E [ya — E[yp]] =a — E[v,]

——_

E[2(ya = Eyp])(Elyp] = )]

= 2(y, — E[w))EIE[vp] — wp]

= 2(y0 — Ely,]) (B [ 1] - ED3p))

=200~ EbuD)ebn] ~bD =0
Gr i



Bias-Variance Trade off Animation

We will have multiple prediction values (i.e. through Cross validation) [y,]
1 N
. . 2 2
L(Q) — EZ(y{l} — x{l}Q) = F [(ya — yp) ]
=1
2 2
(Ya=¥p)" = (Ve = Elyp] + E|3p] — 1)

= (Vo — E[YPDZ + (Eyp] - yp)z +2(Va = E[yp ] )(E|yp] — vp)

= [Bias]? + Variance

= [true value — mean(predictions)|* — mean[(mean(prediction) — prediction)? ]

Gr Georgia
Tech


https://mlu-explain.github.io/bias-variance/

Error

Underfitting Overfitting
(High Bias) (High Variance)
> Optimal < >

Variance

Bias?

\

\

Model Complexity

Gr Georgia
Tech.




Which One is Better?

from Bishop

It " -0 D:O ] [
t
t
o \ o

o

0 5

¢ Can we increase the maximal polynomial degree to very large,
such that the curve passes through all training points?

Georgia
o Gl" Tech



Take-Home Messages

 Supervised learning paradigm
* Linear regression and least mean square
 Extension to high-order polynomials

SB)

Cr

Georgia
Tech.



Quick Knowledge Check

1.Which of the following is added when extending linear regression to
higher-order polynomial regression?

A. ;u.%:j points B.Wes C. More
regularization \D. Less variance

2.lInp tal regression, what happens when we increase the
maximal degree d?
A. The model becomes simpler Wcomes more flexible

C. The model underfits D. The MSE always increases
3. A high-degree polynomial that fits all training points perfectly likely

suffers from:
A. Underfitting B. Overfitting C. Low variance D. Low flexibility
Win onsidered a high-variance problem?
odel changes significantly with new data B. It ignores noise
C. It has high bias D. It's too simple to capture the trend
5. Which of the following best describes bias in the bias—variance
tradeoff? NIZALRSE
A. Variability across datasets B. Sensitivity to noise C. Systematic

. error due t%modeLSmeHci’ry D. Random error due to data splits GrGeorgia
V\\/\O\&% Tech




v
Quick Knowledge Check

1.What does high variance typically lead to? b
A. Stable predictions Wralization tonewdata C.Low
flexibility D. Low training accuracy

2.In the bias—variance tradeoff, increasing model complexity generally:
A. Increases bias and decreases variance \g./D/ecreases bias and
increases variance C. Decreases both bias and variance D.
Increases both bias and variance ‘th

3. Which scenario indicates underfitting”? ([o\/b\j( 7

\A/.I;Hgmining error, high testerror B. Lo Nl s‘fi >

error C. Low training eior, low test error D. High training accuracy,

low test accuracy
(5000

Georgia
Y Gl" Tech
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