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Classification
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ℎ 𝑥 ∈ {−1,1}

ℎ 𝑥 =  𝑠𝑖𝑔𝑛 𝑥𝜃 → linear classification

Σ

𝑥𝑑

𝑝𝑖𝑥𝑒𝑙 #𝑑



Decision Making: Dividing the Feature Space
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How to Determine the Decision Boundary?
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Bayes Decision Rule
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Bayes Decision Rule
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Generative Model: Naive Bayes

9

: Dimensions are 

conditionally independent.



“Naïve” conditional independence assumption

𝑃 𝑦 𝑥 =
𝑃 𝑥 𝑦 𝑃(𝑦)

𝑃 𝑥
=

𝑃 𝑥, 𝑦

𝑃(𝑥)

𝑃 𝑥, 𝑦𝑙𝑎𝑏𝑒𝑙=1 = P x1, … , xd, ylabel=1 = P x1 x2, , … , xd, ylabel=1 𝑃(x2, … , xd, ylabel=1)

Joint probability model:

= P x1 x2, , … , xd, ylabel=1 𝑃(x2|x3 … , xd, ylabel=1)𝑃(x3, … , xd, ylabel=1)

= ⋯

= P x1 x2, , … , xd, ylabel=1 𝑃 x2 x3 … , xd, ylabel=1 …
𝑃 xd−1 𝑥𝑑 , 𝑦𝑙𝑎𝑏𝑒𝑙=1 𝑃 𝑥𝑑 𝑦𝑙𝑎𝑏𝑒𝑙=1 P(𝑦𝑙𝑎𝑏𝑒𝑙=1)

Naïve Bayes assumption: let’s rewrite it as:

𝑃 𝑥, 𝑦𝑙𝑎𝑏𝑒𝑙=1 = 𝑃 𝑥1 𝑦𝑙𝑎𝑏𝑒𝑙=1 𝑃 𝑥2 𝑦𝑙𝑎𝑏𝑒𝑙=1 … 𝑃 𝑥𝑑 𝑦𝑙𝑎𝑏𝑒𝑙=1 𝑃 𝑦𝑙𝑎𝑏𝑒𝑙=1 =

𝑃(𝑦𝑙𝑎𝑏𝑒𝑙=1) ෑ

𝑖=1

𝑑

𝑃 𝑥𝑖 𝑦𝑙𝑎𝑏𝑒𝑙=1
Gaussian naïve Bayes

A typical assumption



“Naïve” conditional independence assumption

Real World Example

https://en.wikipedia.org/wiki/Naive_Bayes_classifier#Examples


What do People do in Practice?

• Generative models
Model prior and likelihood explicitly
“Generative” means able to generate synthetic data points
Examples: Naive Bayes, Hidden Markov Models

• Discriminative models
Directly estimate the posterior probabilities
No need to model underlying prior and likelihood distributions
Examples: Logistic Regression, SVM, Neural Networks

1
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Discriminative Models

13

Generative model



Recap

• Generative vs Discriminative

• Generative Example?

• Assumptions to calculate posterior



Gaussian/Multinomial/Bernoulli Naïve Bayes

https://towardsdatascience.com/bernoulli-naive-bayes-explained-a-visual-guide-with-code-examples-for-beginners-aec39771ddd6/ 
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Gaussian Naïve Bayes

𝑃 𝑦 = 1 𝑥 =
𝑃 𝑥 𝑦 = 1 𝑃(𝑦 = 1)

𝑃 𝑥
=

𝑃(𝑦 = 1) ς𝑖=1
𝑑 𝑃 𝑥𝑖 𝑦 = 1

𝑃(𝑥)

𝑑

𝑑



take exp(ln 𝑢 ) of numerator and denominator

𝑑

𝑑

𝑑

𝑑

labels



𝑑

𝑑
=



𝑑

𝑑

𝑑
=



After all that Gaussian algebra, We started with a generative 
model…
but we ended up with this.

This is exactly the same form as logistic regression.

𝑃 𝑦 = 1 𝑥 =
1

1 + exp(−𝑠)



𝑃 𝑦 = 1 𝑥 =
𝑑

𝑃 𝑦 = 1 𝑥 =
1

1 + exp[−(σ𝑖=1
𝑑 (𝜃𝑖𝑥𝑖) + 𝜃0)]

=
1

1 + exp(−𝑠)

2𝑑 + 1 → 𝑑 𝑚𝑒𝑎𝑛, 𝑑 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒, 𝑎𝑛𝑑 1 𝑓𝑜𝑟 𝑝𝑟𝑖𝑜𝑟

Number of parameters = 𝑑 + 1 → 𝜃0, 𝜃1, 𝜃2, … , 𝜃𝑑

Why not directly learning 𝑃 𝑦 = 1 𝑥  or 𝜃 parameters? 

Number of parameters: 

Gaussian Naïve Bayes is a special case/subset of 

logistic regression



Why 
1

1+exp(−𝑥𝜃)
 is a probability? 

𝑃 𝑦 = 1 𝑥
1−𝑃 𝑦 = 1 𝑥

 is called Odds 

𝑙𝑜𝑔 𝑜𝑑𝑑𝑠  𝑣𝑠 𝑜𝑑𝑑𝑠

What could be 𝑥𝜃 domain?



What is logit function?

𝑙𝑜𝑔𝑖𝑡 𝑝 = 𝑙𝑜𝑔 𝑜𝑑𝑑𝑠 = log(
𝑝

1−𝑝
) 

log
𝑝

1 − 𝑝
= 𝜃0 + 𝜃1𝑥1 + ⋯ + 𝜃𝑑𝑥𝑑 = ෍

𝑖=0

𝑑

𝑥𝑖𝜃𝑖 = 𝑥𝜃

𝑒𝑥𝑝 𝑙𝑜𝑔
𝑝

1 − 𝑝
= exp(𝑥𝜃)

𝑝 =
𝑒𝑥𝜃

1 + 𝑒𝑥𝜃
=

1

1 + 𝑒−𝑥𝜃

Sigmoid function - 

maps any real-valued 

𝑥𝜃 to a probability 

between 0 and 1.



Interpretation: Generative and Discriminative Thinking

Naive Bayes (Generative):

Models 𝑃 𝑥 ∣ 𝑦
↓

With Gaussian + equal variance:

log
𝑃 𝑦 = 1 ∣ 𝑥

𝑃 𝑦 = −1 ∣ 𝑥
= 𝜃0 + ෍

𝑖

𝜃𝑖 𝑥𝑖

↓

Logistic Regression (Discriminative):

𝑃 𝑦 = 1 ∣ 𝑥 =
1

1 + 𝑒
− 𝜃0+෌

𝑖
𝜃𝑖𝑥𝑖



Interpretation

Concept Gaussian Naïve Bayes Logistic Regression

Type Generative Discriminative

Learns P(x,y) → P(y|x) and P(x) P(y|x)

Distribution Assumption Gaussian features
No distribution 

assumption

Decision boundary

Linear (after log 

transformation and 

equal variance 

assumption)

Linear

Parameters
Means, variances, and 

priors ((2d+1))

Coefficients and bias 

((d+1))



Logistic function for posterior probability

𝑔(𝑠)

Many equations can give us this shape

𝒔

𝑔 𝑠 = 𝑃 𝑦 = 1 𝑥 =
𝑒𝑠

1 + 𝑒𝑠
=

1

1 + 𝑒−𝑠

Let’s use the following function:

It is easier to use this function for optimization

This formula is called sigmoid function

𝑠 = 𝑥𝜃

Is 0.5 threshold cut-off a good choice?

Learn about ROC and AUC (False positive rate 

and True positive rate) (Interactive)

https://towardsdatascience.com/understanding-the-roc-and-auc-curves-a05b68550b69
https://towardsdatascience.com/understanding-the-roc-and-auc-curves-a05b68550b69
http://www.navan.name/roc/


𝑾𝒉𝒚 𝑺𝒐𝒇𝒕 𝒄𝒍𝒂𝒔𝒔𝒊𝒇𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒎𝒂𝒕𝒕𝒆𝒓𝒔

Example: Prediction of heart attacks

Input 𝒙: cholesterol level, age, weight, finger size, etc.

𝑔 𝑠 : probability of heart attack within a certain time

𝑠 = 𝑥𝜃 Let’s call this risk score

We can’t have a hard prediction here

ℎ𝜃 𝑥 = 𝑝(𝑦|𝑥) = ቊ
𝑔(𝑠),  𝑦 = 1
1 − 𝑔(𝑠), 𝑦 = 0

Using posterior 

probability 

directly



Sigmoid Function

𝑠 = ෍

𝑖=0

𝑑

𝑥𝑖𝜃𝑖 = 𝜃0 + 𝜃1𝑥1 + ⋯ + 𝜃𝑑𝑥𝑑

Soft classification

Posterior probability

1

⋮

𝑥𝑑

𝑥1
ℎ(𝑥)

ℎ 𝑥 = 𝑔(𝑥𝜃) → logistic regression

Σ

𝑔 𝑠 =
𝑒𝑠

1 + 𝑒𝑠
=

1

1 + 𝑒−𝑠



Three linear models𝑠 = ෍

𝑖=0

𝑑

𝑥𝑖𝜃𝑖 = 𝜃0 + 𝜃1𝑥1 + ⋯ + 𝜃𝑑𝑥𝑑

Hard classification

Soft classification

Posterior probability

1

⋮

𝑥𝑑

𝑥1
ℎ(𝑥)

ℎ 𝑥 =  𝑠𝑖𝑔𝑛 𝑥𝜃 → linear classification (Perceptron)

Σ

1

⋮

𝑥𝑑

𝑥1
ℎ(𝑥)

ℎ 𝑥 → linear regression

Σ

1

⋮

𝑥𝑑

𝑥1
ℎ(𝑥)

ℎ 𝑥 = 𝑔(𝑥𝜃) → logistic regression

Σ



Logistic regression model

𝑝(𝑦|𝑥) =

1

1 + exp(−𝑥𝜃)
 𝑦 = 1

1 −
1

1 + exp −𝑥𝜃
=

exp −𝑥𝜃

1 + exp −𝑥𝜃
 𝑦 = 0

We need to find 𝜃 parameters, what should we use as the objective 

function?

MLE

We are maximizing the probability of the observed labels given the 

inputs. 

We choose θ so that the model assigns high probability to the correct 

labels.



Logistic regression model

𝑝(𝑦|𝑥) =

1

1 + exp(−𝑥𝜃)
 𝑦 = 1

1 −
1

1 + exp −𝑥𝜃
=

exp −𝑥𝜃

1 + exp −𝑥𝜃
 𝑦 = 0

We need to find 𝜃 parameters, let’s set up log-likelihood for n datapoints  

This form is concave, negative of this form is convex

= ෍

𝑖

𝜃𝑇(𝑥{𝑖})𝑇 𝑦{𝑖} − 1 − log(1 + exp −𝑥{𝑖}𝜃 )

𝑙 𝜃 ≔ 𝑙𝑜𝑔 ෑ

𝑖=1

𝑛

𝑝(𝑦{𝑖}|𝑥{𝑖}, 𝜃)

https://stats.stackexchange.com/questions/324561/difference-between-convex-and-concave-functions




The gradient of 𝑙(𝜃)

෍

𝑖

(𝑥{𝑖})𝑇 𝑦{𝑖} − 1 + (𝑥{𝑖})𝑇
exp −𝑥{𝑖}𝜃

1 + exp(−𝑥{𝑖}𝜃)

= ෍

𝑖

𝜃
𝑇

(𝑥
{𝑖}

)
𝑇

𝑦
{𝑖}

− 1 − log(1 + exp −𝑥
{𝑖}

𝜃 )

𝑙 𝜃 = 𝑙𝑜𝑔 ෑ

𝑖=1

𝑛

𝑝(𝑦{𝑖}|𝑥{𝑖}, 𝜃)



The Objective Function

35

max
𝜃

𝑙 𝜃 ≔ 𝑙𝑜𝑔 ෑ

𝑖=1

𝑛

𝑝(𝑦{𝑖}|𝑥{𝑖}, 𝜃)



Gradient Descent
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Gradient Ascent(concave)/Descent(convex) algorithm

𝜃𝑡+1 ← 𝜃𝑡 + 𝜂 ෍

𝑖

(𝑥{𝑖})𝑇 𝑦{𝑖} − 1 + (𝑥{𝑖})𝑇
exp −𝑥{𝑖}𝜃

1 + exp(−𝑥{𝑖}𝜃)



Logistic Regression

38

𝑔 𝑠 =
𝑒𝑠

1 + 𝑒𝑠
=

1

1 + 𝑒−𝑠

𝑠 = 𝑥𝜃

𝑠

𝒔

𝑔 𝑠

𝑔 𝑠

𝑥𝜃 𝑥𝜃
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Multiclass Logistic Regression
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One-vs-all (one-vs-rest)

ℎ𝜃
1 𝑥

ℎ𝜃
2 𝑥

ℎ𝜃
3 𝑥

ℎ𝜃
(𝑚)

𝑥 = 𝑝 𝑦 = 1 𝑥, 𝜃  (𝑚 = 1,2,3)



Train a logistic regression ℎ𝜃
(𝑚)

𝑥  for each class 𝑚  

To predict the label of a new input 𝑥, pick class 𝑚 that maximizes:

arg max
𝑖

ℎ𝜃
(𝑚)

𝑥

One-vs-all (one-vs-rest)

Key properties:

• Output is not a true distribution e.g. [0.7,0.6,0.8], 

because Models are independent

• Need to train m models 



Approach 2: Using Cross Entropy + Softmax

Idea:

Train one model 

All classes compete together 

Output:

𝑝𝑚 =
exp 𝑥𝜃 𝑚

σ𝑗 exp 𝑥𝜃 𝑗

Key properties:

Outputs:

0.6 0.3 0.1 sums to 1

True probability distribution 



Approach 2: Using Cross Entropy + Softmax

𝐿 𝜃 = − ෍

𝑖=1

𝑁

𝑦𝑎
{𝑖}

∗ log 𝑦𝑝
{𝑖}

Objective function - Make the 

probability of the correct class 

high

Sigmoid (binary case)

𝜎 𝑠 =
1

1 + 𝑒−𝑠

Outputs: One probability 𝑝. Other class is 1 − 𝑝

Softmax (multiclass case)

𝑝𝑚 =
exp 𝑠𝑚

σ𝑗 exp 𝑠𝑗

Outputs: One probability per class, All sum to 1



Using Cross Entropy + Softmax

Step 1: Compute scores (LCF)
𝑠 = 𝑥𝑇𝜃 ∈ ℝ𝑀

Step 2: Convert to probabilities (Softmax)

𝑝𝑚 =
exp 𝑠𝑚

σ𝑗 exp 𝑠𝑗

for 𝑚 = 1, . . . , 𝑀

𝑦𝑝 ∈ ℝ𝑀, ෍

𝑚

𝑝𝑚 = 1

Setup (Dimensions)

𝑥 ∈ ℝ𝑑 input features

𝜃 ∈ ℝ𝑑×𝑀parameters

𝑠 ∈ ℝ𝑀scores = 𝑥. 𝜃 for each class

𝑦𝑎 ∈ ℝ𝑀)one-hot label

𝑦𝑝 ∈ ℝ𝑀)predicted probabilities



Using Cross Entropy + Softmax

Step 3: Compute loss (Cross-Entropy)

• 𝐿 = − ෍
𝑚=1

𝑀

𝑦𝑎
𝑚

log 𝑝𝑚

• For one datapoint: 𝐿 = −log 𝑝correct class

Step 4: Gradient

• ∇𝜃𝐿 = 𝑥 𝑦𝑝 − 𝑦𝑎
𝑇

∈ ℝ𝑑×𝑀

Step 5: SGD Update

• 𝜃 ← 𝜃 − 𝛼 𝑥 𝑦𝑝 − 𝑦𝑎
𝑇

                                           Prediction (after training)
ො𝑦 = arg max

𝑚
𝑝𝑚



Take-Home Messages

• Generative and Discriminative Classification

• The Logistic Regression Model

• Understanding the Objective Function – Log Likelihood with sigmoid

• Gradient Descent for Parameter Learning

• Multiclass Logistic Regression – Using CE as objective function
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Quick Knowledge Check
• Which of the following best describes a generative model? A. Directly models 𝑃(𝑦∣𝑥)

B. Models 𝑃(𝑥∣𝑦) and 𝑃(𝑦), then uses Bayes’ rule for 𝑃(𝑦∣𝑥) C. Uses cross-entropy to 
learn the decision boundary D. Requires no assumptions about data distribution

• Logistic Regression is an example of a: A. Generative model that reconstructs data 
distribution B. Hybrid model using both priors and likelihoods C. Discriminative 
model that directly estimates 𝑃(𝑦∣𝑥) D. Model that approximates 𝑃(𝑥∣𝑦) with Gaussian 
likelihoods

• What does the logit function represent? A. The derivative of the sigmoid B. The log 

of the odds ratio log 
𝑃(𝑦=1|𝑥)

1 −𝑃(𝑦=1|𝑥)
 C. The posterior probability itself D. The exponential 

of the decision boundary

• In binary logistic regression, the model uses the sigmoid g(x)= 
1

1+ 𝑒−𝑥 𝜃 ​ to predict class 

probabilities. The objective function typically: A. Maximizes the joint likelihood 𝑃(𝑥,𝑦) 
B. Minimizes squared error between predictions and labels C. Minimizes the 
negative log-likelihood based on the sigmoid output D. Minimizes the variance of the 
Gaussian features



Quick Knowledge Check

• In multiclass logistic regression using softmax, the objective function: A. 
Computes separate sigmoids for each class independently B. Minimizes the 
mean squared error across classes C. Maximizes the total log-likelihood using 
cross-entropy over all classes

• Gradient descent in logistic regression is used to: A. Optimize parameters by 
minimizing or maximizing the objective function B. Update weights in the 
direction of the gradient of log-likelihood C. Compute priors and posteriors 
explicitly D. Eliminate class imbalance by reweighting samples

• True or False: Gaussian Naïve Bayes and Logistic Regression yield identical 
decision boundaries under equal variance and Gaussian feature assumptions. A. 
True B. False
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