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Probability

o Asample space S is the set of all possible outcomes of a
conceptual or physical, repeatable experiment. (S can be finite
or infinite.)

¢ E.g., Smay be the set of all possible outcomes of a dice roll: S
(1 2 3 4 5 6)

¢ E.g., Smay be the set of all possible nucleotides of a DNA site: S

(A C G T) f

¢ E.g., S may be the set of all possible time-space positions of an
aircraft on a radar screen.

» An Event A is any subset of S

¢ Seeing "1" or "6" in a dice roll; observing a "G" at a site; UAOO7 in
space-time interval



Three Key Ingredients in Probability Theory

A sample space is a collection of all possible outcomes

Random variables X represents outcomes in sample space

Probability of a random variable to happen  p(x) = p(X =X)

p(x) =0
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Continuous variable

Continuous probability distribution Xe Xed -

Probabili ity function ~ pf f Tempern
ensity or likelihoodvalue [ (x)dx = 1
Temperature (real number)

Gaussian Distribution P(X=%)=0
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Discrete variable Pind

Discrete probability distribution e Puc.r

Probability mass function ~» Pm{
obability value _ z p(x) =1
Coin flip (integer) xeA
Bernoulli distribution _L__ + Lo« o ]




Continuous Probability Functions
Poxame.{—ers w@ ,-&

» Examples: lo,b) €6 \?* (b -a) =1
¢ Uniform Density Function: ot lo-_—.ﬂ( __‘._..J—---'
£ (x) = . f(:rranSl:!i'3 o- @ :E/////j
x b —a ) a=\ b=
0 otherwise
= Ari-rhmc-rfc, QV"’%Q
« Exponential Density Function: '} €9 /\‘)
_x
T x0) = !_le ’ forxz0 / Expcu—ca’ Wlve oY 0""‘8}*“4
—x — ay9
E(x)=1—eH forx =0
WAL

¢ Gaussian(Normal) Density Function

X—U z = .——& Z( / )
( )2 N \ X. g X -

1 e 202 7 N

V 2O

fx(x) =



Discrete Probability Functions

¢ Examples:
¢ Bernoulli Distribution:

1—p forx=20
“lp forx =1

In Bernoulli, just a single trial is conducted

¢ Binomial Distribution: k is number of successes

« P(X = k)= )p*( —p)*
n-k is number of failures

(',:) The total number of ways of selection k distinct combinations of n
trials, irrespective of order.
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X = Throw a
dice

Vi=2 = tail

Vj=1 = head

Example
X and Y are random variables

Y = Flip a coin

J;int Probabiliﬂ ta ble

N = total number of trials

n;; = Number of occurrence

X
Xjeq =1 Xi=2=2 Xiz3=3 Xizg=4 X=5=5 Xj=¢=06 Cj
n;=3 |nj=4 |n;=2 |n;= 5) nj=1|n;=5 20
ng = n =2 |nj;=4|ng; =‘_ ni=4 |n;=1 15
5 6 6 7 5 6 I\I}S




Xi=1 =1 Xi=2 = Xi—z = —
i=3 Xi=g = Xice =5 Xje =6 (Cj )

y ime = tail [my=3[my=4[ny =2 =5 [ny =1 [ny =
YVi=1 = head | ij = ng; = n;: = = k
C H Nij = nij=4 nij=1 15
i i ° ° (7 > 6 N=35
p(y 't'ou\ X = ‘1) _'1.'11— -
35 N
P( -.::-‘—0'\\ == _%9— = E_'?—- # Ci
- Y ) 35 N P CX:: 4\):‘.‘ —é—ég "7'\,""
P( = fai = - 6 —_ hij
Y l)x_‘ q) J ? - —a—- P(y-’-—"q\ Y-—_:-k-m\);—_- 5 - ﬂc.j
20 <
Pw )= - i ~ Px\Ly) PCy)
“ B T~ Pro Juct yule
S Sp _ POYW PO
C = -
P(blY P

Plab, <) = P(Q\\vﬁ) P(h,<)



C

Probability: p(X = x;) = ~
o ofe nij
Joint probability: p(X = x,Y = yj) = -
®, ® oge o n .
Conditional probability: p(Y = yi|X = x;) = C_ll]

—_— —
Sum/rule

p(X = x;) —Zp(X—xl,Y y;) = pX) —zP(X Y)

L —

Product rule

Tlij Tlij Ci

p(X =x,Y =y;) = =N p(Y =yi|X = x)p(X = x;)
l

p(X,Y) =pY|X)p(X)



PCvp)= P (VIDP®

Conditional Independence
PCWEY,0)= LAl /D) OLFv,D)

1
¢ Examples:

CLRIFD) . PCE | v,7).

P(Virus| DrinkBeer) = P(Virus)

iff Virus is independent of Drink Beer PU—{ l - 0)' p[l:[lj ‘ E[ Vl 0) :EZ@
P(Flu | Virus, DrinkBeer) = P(Flu |Virus) P[, H U::\/D} r pLFlU) ’ pCU)" P ( D)

iff Fluis independent of Drink Beer, given Virus

P(Headache | Flu,Virus, DrinkBeer)
= P(Headache|Flu, DrinkBeer)

iff Headache is independent of Virus, given Flu and Drink Beer

Assume the above independence, we obtain:

P(Headache, Flue,Virus, DrinkBeer)

= P(Headache|Flu,Virus, DrinkBeer) P(Flu|Virus, DrinkBeer)
P(Virus|DrinkBeer)P(DrinkBeer)

= P(Headache|Flu, DrinkBeer)P(Flu|Virus)P(Virus)P(DrinkBeer)

20
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Bayes’ Rule

» P(X]Y)=Fraction of the worlds in which X is true given that Y is

also true.
Piyy) _ PyMPew
Poxy) = PUAY) PO = x\y)\
» For example: Gy P()Q @)7
¢ H="Having a headache”
o F="“Coming down with flu” % = 2 P0Y, xox) =E P ¢y \x) Rx)

e P(Headche|Flu) = fraction of flu-inflicted worlds in which you
have a headache. How to calculate?

o Definition:
P(X,Y) PYIX)P(X)

PY)  P(Y)
P(X,Y) = P(Y|X)P(X)

P(X|Y) =

Corollary:

This is called Bayes Rule

22



Bayes’ Rule

P, %2
Y\|%e) =
PCy|%e) o)
» P(Headache|Flu) = P(Heiiifﬁ)e’ﬂu?)mx$ _ P(x\v2 PO
_ P(Flu|Headache)p(Headache) P (52)
P(Flu) |
Other cases: _ _P (xy,9) PO Béj
PVIX) = P(X|Y)pP(Y) P(K\Q)B‘Zj
o P(Y|X) = PX|Y)P()+P(X{3Y)P(-Y)
. . P(X|Y)P()
* PO =yilX) =5 v @Iy = yora=m
Pp(X|Y,Z)p(v,2)
» PY|X,2) =2 'P(X’)Z) —
P(X|Y,Z)pP(v,2)

P(X|Y,Z)p(v,2)+P(X|Y,Z)P(~Y,2)

23
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® Probability Distributions

® Joint and Conditional Probability Distributions

® Bayes’ Rule PLY) = EP(Y)X"")

® Mean and Variance -« Py x) =P P ()

® Properties of Gaussian Distribution = P U“P W

® Maximum Likelihood Estimation 5 (%, y) Eu\y) PO)
Py )= T P

P &)
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el - | Mean and Variance

» Expectation: The mean valu er of mass, first moment: |/
EX@/: f g (x)px (x)dx [E [5«>]=i%°°"°‘i

o N-th moment: g(x) = x™

» N-th central moment: g(x) = (x — )™

(0.0

o Mean: Ex[X] = |__ xpx(x)dx
o ElaX]| = aE|X]
..E[a:+X] =CL’+E[X]

2
Vor () = E[(X' ED&)]

ent): Var(x) = 2
Ex[(X — Ex[X])?] = Ex[X?] — Ex[X]? Vorw)= & [x°3- EDAL
o Var(a:X) = (xZVar(X)
o Var(a + X) = Var(X)



Mean and average 9J®=X

-1, 2, 33 E[30] _) Qe Posd) -
- X1
I\ (_Z_-J'—B"' — o
PO‘”LZ" 6 & l g =) PO=t) + Y =) PU=D 3("-%2“9
L 2 & = & =
{ 7 + ol z 6
\4
3 - —
ovq(1) = J+ & =< 6 Y ) £ E:Cﬂwj
3
o W B33 Y T
Y = {‘l) 'Z)Z) 3) 3)3’5 =) ov3©0 = 6 p4



Vaqiance and average:
l

X het k’c--}\’—w‘l i _ 1_!__'_2_4,_3"2‘ .
S~ g - /- o3, 5 ) I O TR
® n=3 8 =1 LGRS -

B2 | 0 B’f:—L?—‘(x - /“h)

93 3 N fav loop : ¥ . ])Zl
2 _ Y Z _ X - EJ X
g \:ksg[(x_!h)]-i'[
_ X
—/’_:/——' 2 OV )( )\-/‘hsh
Marrix QpPeratio n )
1’ '( A - f‘k = -1
X - 2- =0
X — X ) > A j
3 | 3 - /Ah = 1
] .
AxA A 'z 2
P g g TR L R Y 1'4/37-—\7\,-'[_(4- ) + (I G-
F“‘,Z,’?f_.?{. N > Nooow 2
o A =Lz(x _/‘h)
N -
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Covariance: , WPy
_\11 Wﬂh’:""P - [ -0 - /[
X-= X - -;(- > X= 2-Fy 5-Fy
. f e 6-A d
- "\3,(2 shxo‘
?.xZ-.:o\Xd 1—4()' “—A:A k
— \
_L ___T__ _ & 1-)‘]1 q.,-}'h_ _{7} C.-/t\ S'Aw =
Cov = N X«J}éz _;7 P DM 6-)w \f’/ ‘_/Li’/ v
@ ‘}T L(4-M)"+ (- + (-r0*] =P h
A (6-2)] = b
\ j 4- Age (M) (B (3
@ " [ (A-/4) (4-P9)+ ) X G
v 2 d|
® - @ - bl B i
. Cov= e
@ 5&} &JLE""\" 5_4)
-

SYywrem’ ca/



Correlation: DA n
h

. _* - |
X —> X — ¥X >(-.-\j-ﬂ| o

l




For Joint Distributions
Cov(xy) = BEDyl- EDAEDL]- ]) - E}?ﬁ 5L =0
® 0 -

» Expectation and Covariance:
« EX + Y] S EX] +E[Y] | Elasbrdlz &Ll Blbecl
o cov(X,Y) = E[(X —Ex[X]D(Y — Ey(Y)] = E[XY] — E[X]E[Y]

o Var(X +Y) =Var(X) + 2cov(X,Y) + Var(Y)m
)(._,.Em»S\-mJarJ Gavssion  Sisiburion \ \I _ .22 chi- S ufd/ ’ Y:’ %3 —

. —
- M

7/ ~
{ — —951-.- \ -
- o=t = p;1

| Varo)=1 - 5&*’1-@?

1":. E‘ [gz’& - 02' = &I‘%z] _—.-{
Uncorrelated vs Independent RV 30



https://towardsdatascience.com/uncorrelated-vs-independent-random-variables-definitions-proofs-examples-26422589a5d6#:~:text=They%20are%20not%20the%20same%20thing%E2%80%A6&text=In%20the%20fields%20of%20Probability,and%20RVs%20being%20%E2%80%9Cindependent%E2%80%9D.
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Gaussian Distribution
W65 e L e

» Gaussian Distribution: f(x|u,o?) = —_e  20°
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Probability versus likelihood



https://www.quora.com/What-is-the-difference-between-probability-and-likelihood-1

Prob vs Likelihood @?
cin > P(yx=T="72




My L(G,L\X) s  Max LodL(&,\,\x) X

| \ Y99
S ap)- F081aV — logd o® o) o + logd (% [ab
. z W
e W \q b) i \OJ ._gu \OJD




@civariat Gaussian Distribution

/

2

o

¢V

1 1
P(x‘ll: Z) — (zn)n/2J®L1/z exp{_ E (x _ #)Téx _ ﬂ)}

R e
—
—

¢ Moment Parameterization y = E(X)
% = Cov(X) = E[(X —p)(X — p)"]

» Mahalanobis Distance A%2= (x — pu)"Z~1(x — u)

¢ Tons of applications (MoG, FA, PPCA, Kalman filter,...)
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Properties of Gaussian Distribution

¢ The linear transform of a Gaussian r.v. is a Gaussian. Remember
that no matter how x is distributed

E(AX +b) =AE(X)+0b
Cov(AX + b) = ACov(X)AT
this means that for Gaussian distributed quantities:
X~NWwzx) > AX+b~N(Au+ b, AXAT)

» The sum of two independent Gaussian r.v. is a Gaussian
Y =X1 +X2J X1J_X2 _)ﬂy = U4 +{.12,Zy =Zl +22

» The multiplication of two Gaussian functions is another
Gaussian function (although no longer normalized)

N(a,A)N(b,B) x N(c,C),
whereC = (A~1+B )1, c=CAta+ CB~1b

37



Central Limit Theorem

Probability mass function of a biased dice

0.35

0.3
0.25
0.2
0.15
0.1
0.05 I
0 L
1 2 3 4 5 6
X

Let’s say, I am going to get a
sample from this pmf having a
sizeofn = 4

S, ={1,1,1,6} = E(S,) = 2.25
S, ={1,1,3,6} = E(S,) = 2.75

S, =11,4,6,6} = E(S,,) = 4.25
According to CLT, it will follow

a bell curve distribution
(normal distribution)
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Maximum Likelihood Estimation

MLE;/

e Probability: inferring probabilistic quantities for data given fixed
models (e.g. prob. of events, marginals, conditionals, etc).

e Statistics: inferring a model given fixed data observations
(e.g. clustering, classification, regression).

Main assumption:

Independent and identically distributed random variables
i.i.d

40



MaX|mum Likelihood Estlmajtlon

S legJo 10
L(e lxKﬂ& 'lo) For Bernoulli (i.e. flip a com) chix) 2 oq

Objective functlon KP(xl|9) = g*i(1 — 6)1‘xﬂ x; € {0,1} or {head, tail}

N

L(QlX) — L(HlX — xl,X — XZ,X — X3,...,X — xn)

~lid assu}gnptlon _ Objeine Prnction

L(O|X) = | | P(x;]6)
L] Jree|

Lo =] [pauler =] [oma - oyt
=1 i=1

L(BIX) =6*1(1—-0) "1 x0%2(1—0)17*2 .. x 0% (1 — )™ =
= QL Xi(1 — )21



We don't like multiplication, let’s convert it into summation

i
What's the trick? Take the log @ w
N
L(6]X) = 6% xi.(lw—é)m‘x”
W% logL(0]X) = log(6) ) x; +log(1—6) ) (1—x;)
2 2

How to optimize 67?

o1e1%) _ i=1 % L= (1 —x) _ 0
00 0 1—6
_ > 1+ 14 -- +0+0
n )”o o~H 9= 12 = O.F
1 X= Vo — | 100
8 =szi

1=1
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