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Supervised Learning: Overview
1000 <7 207 Yo testing

. i\>10/ To V
Functions 7 2, 0 Training data |
s

12V g (3, yh e X x YV}
>(=x[ | Og% %ﬂwm > Yegressian

_.M"* L], e 5
LEARNING | "4/ €7

¢y M A : 8.6, Yo = f(xY) i
F(x )- 'S Og

L)
' PREDICTION :3, = f(x) : <:, |
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Supervised Learning: Two Types of Tasks

Given: training data {(x'1,yt1), (x12}, y2), .., (x™, y ™))

Learn: a function f(x):y = f(x)

When y is continuous:

1. Regression

Curve fitting

O&}Hafmas Lv!'wf.ca (j\ 0 1 'aq

Ny A

When y is discrete:

2. Classification
° ~—p decision \ine
O LA “
® A

A A‘A;

A L AA

X

Class estimation



Classification Example 1: Handwritten digit recognition

As a supervised classification problem

Start with training data, e.g. 6000 examples of each digit

oot N (/442

O 23 2 2327 hices Cositeuny
3¢ 79149747046 >9

el 72\ 71T4%79

D8 T8 L 9g7

» Can achieve testing error of 0.4%

* One of first commercial and widely used ML systems (for zip codes & checks)



Classification Example 1. Hand-Written Digit Recognition

Vi
o|[/][2d >[4

)
s | |78 A

Images are 28 x 28 pixels A classification problem

Represent input image as a vector x €
Learn a classifier f(x) such that,

f:x—{0,1,2,3,4,5,6,7,8,9}



Classification Example 2: Spam Detection

: C\a.ls;;loa fie?
(GGo g|e in:spam - n B n dﬂ

Gmail - z C More ~
m Ualete all spam messages now irlegs.ages that have been in Spam maone than NOT SPAM

Customer Service You stll have product{s) in your basket - Healthy Living Lifestyle Pre
Inbox [994) o*

®
Stamed Sherley Rhoda From Sherley Rhoda ) = . 2
L "o . "?
Sent Mail Cusiomer Service Activate your favonte videostreaming serice - Your activation code is re o. ” :{ -
B v =
Drafts - Tk L.’.‘ .
) Healthy Living We have added your shopping credits today - Healthy Living & Co. | f L L * ."': .-
£55 - e » .
. 2a ‘{"“ oo W

Shiningltd Team 15 inch wifi Android OS tablet pc - SHININGLTD Our Alibaba Shop ( ..° '..& i K "..o‘&. -

Important " e % oo ,.n ".’ .’ “af .' :
o
wikiHow Community Team (2) Congratulations on your article’s first Helpful Votel - Congratulations! A | .’ . o2 it ._'-.’, o = a ®
my= - . ° 5 ) % ‘~ } ey o
. - e ® LY
FresLotto Jesse, NOTICE of FORFEITURE - Do not ignaore! - NEVER miss an s ‘w e ® :f o’ .Q. ¥ b E
-7 'o. et %80 o ® £ ®
< o
Good Fella's Qur wam assigned you to receive our new phone - Good Fella's Au: - .. = ®°
Jason Squires Make 2018 your best year yet - Hi there, Hope you're well, and have h

Bunnings January arrivalg - Image Congratulations Jesse Eaton! We have a very SPAM
A classification problem
* This is a classification problem

* Task is to classify email into spam/non-spam
* Data x; is word count

» Requires a learning system as “enemy” keeps innovating



Regression Example 1: Apartment Rent Prediction

» Suppose you are to move to Atlanta

» And you want to find the most
reasonably priced apartment satisfying
your needs:

square-ft., # of bedroom, distance to campus...

Living area (ft2) # bedroom R}DLK
@ Ié

A regression
problem

150 1
270 1.5

T
w) | =
N




Regression Example 2: Stock Price Prediction

S&P/TSX COMPOSITE
as of 4-Apr-2008
L) R S | L LAl e i

14000 | V/‘/\/ !
S W

12000

11000 -

10000 1 2 a 2 1 a . 2 1 a a o 1 a a " e e e (e P
Jay06 Sepoé Jan07 May07 Sep07 Jan08

S N e B o e e g S Zme i Mo

W

5400.0

EEZO0.0 | Ay
= Il |
Copyright 2008 Yahoo! Inc. http://finance .yahoo .com/

» Task is to predict stock price at future date

A regression problem

12



A ) A
79#’?@"’% 7p = 99, +@>(\

rent

rent

Slope Intercept bias term ~ The Paramcter thee de B'm«s Conty, bution J
» Features: Lemiore. X
0P ¢ Living area, distance to campus, # bedroom ...

o Denote as x = (x4, X5, v X )

X Yo -. h(J 90,__

1 7 O

o Target: X=|,1 E= | o
9 -.

p ¢ Rent J | ;

L]

Living area o Deno’ggd as y QO[ \

1Y A

% Lo x\xcl ’ @Ms)’\o‘elﬂ

y OO » Training set: ¥

\AP X = {x{l}, x{z}’ ,x{n}} € Rd
A
s Yy = {y {1}' Y {2}' e Y {n}} i P ZM Az

--_-_*L_:_'_—‘::r_" o Location YP = 90 ..\.9\)(\.‘-... -\-gdxot %@ ﬁ

Living areaX: binass
L;ne'df comiNsxion 4 "'UVCS




Regression: Problem Setup

" ‘-—) Trve 7

* Suppose we are given a training set of N observations

* Regression problem is to estimate y(x) from this data

14



® Supervised Learning
® Linear Regression <«

® Extension

Outline
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Linear Regression

Assume Y is a linear function of x (features) plus noise €

Yy = 90"‘919{1 + "'+9dxd +C — XQ
LCF

where € is an error term of unmodeled effects or random noise

Let & = (6,64, ...,04)", and augment data by one dimension

N
Y| 1
Then y = x60 + € :i

o

16


http://madrury.github.io/jekyll/update/statistics/2017/08/12/noisy-regression.html
http://madrury.github.io/jekyll/update/statistics/2017/08/12/noisy-regression.html

ED} > efctatied 7:\’4 \/ Y =xt u
e« | east Mean Square Method

» Given N data points, find 8 that minimizes the mean square
error : S, ConveX

Loss N
. " 1 - : SR

Training g = argmin 0 L(Q) — E)z y{l} x{l}@)z - E [uiﬁ-— Xi'le)l

E () =1 Do A

cffor l l bp J

. . SR dL(6)
o Our usual trick: set gradient to 0 and find parameter FY I 0
JaL(8)

20

17



(0 = Ot Yo~ + OIX Matrix form L\

e
1 xil} {1} 60
|1 xiz} 6{12} y = | ] |81
Lo 9,
n><(d+1) (d+1) x1

MSE(8) = argmin 4 L(6) -L : ~(y - xH)T(y xH)

L

.
%o + Hlx{l} + Hzx{l} + -+ de{l} S D

;
w0 — |00+ 6167 + 92x{2} bt O LA

B + 1% + Hzx{n} oot Oy

nx1



Matrix Version and Optimization

dL(0) 2 2
- —_ {INT{i} o = {INT,{i}g =
Y " (x )l +nZ(x )'xte =0
_L:_]‘,//
\

Let’s rewrite it as:

dL(0) __E {1} N ({1 {n} 3 {1} mN (1) g =
FY n(x R ) (y y s Y )+n(x T ) (x T )9—
Define X = (x!
L)
_ 0
/ A\
/\, — —
= 0=X"X)'X'y=X"y Xtis thé pseudo-inverse|of X

L detd Hd A dm > X XX+ — XT

19



XTX =

0=X"X)"XTy=X"%y

dXn

—

nxd

—

Xnxd n = instances d = dimension '
;
u

)(hg Mg
5%
_“

Not a big matrix because n > dThis matrix is invertible most of the
times. If we are VERY unlucky and columns of X' X are not linearly
independent (it's not a full rank matrix), then it is not invertible.



Alternative Way to Optimize

» The matrix inversion ing = (XTX)~1XTy can be very expensive to
compute

IL(0)

a0

\_

_ __z(x{z})T( v — x ()

|

o o Gradient descent

E® ug

,\\ 6t < 05 F

_3

o

Hevatior

Ee)

SGO

o Stochastic gradient descent (use one data point at a time

G * _ >LW)

OO

x Ty — x(6)
B G’D 2 BO'I'CJ'I C:ra.Jutﬂt CICSCen:(- 7\

1@

9

f —
‘11‘14&\\&“ gt+l gt + B, 4(36“})71(}7{@ _ x{l}@) (

ePod

21



Recap

» Stochastic gradient update rule
gt+l « gt + g, X (xHT (yt} — Q) — seD

¢ Pros: on-line, low per-step cost &
¢ Cons: coordinate, maybe slow-converging 3 &)
» Gradient descent T

N
a . . .
6t « Bt +— E (xIHT (yt —x0) ~ F6D
n
i=1

¢ Pros: fast-converging, easy to implement
¢ Cons: need to read all data

» Solve normal equations
9= (XTX)"1XTy > Cloxd Jom Solwor
¢ Pros: a single-shot algorithm! Easiest to implement.

» Cons: need to compute inverse (X7X)™1, expensive, numerical
issues (e.g., matrix is singular ..)

22
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Linear regression for classification

Raw Input x = (1, x4, ..., X256)

Linear model (8,64, ..., 055¢)

16

Extract useful information
90 e‘l 62

intensity and symmetry x = (1,@,@)

Sum up all the pixels = intensity
Symmetry = -(difference between flip version)



X = 1,_X' , X . .
(L, X1, X2) X1 = intensity x, = symmetry

It is almost linearly separable

symmetry

intensity



Linear regression for classification
%1‘\ f'\b Continovs /\ o\:s cte
X © 6R 1= [ S — Yc\«ss& ’&

re

Binary-valued functions are also real-valued +1 € R

Use linear regression x'6 ~ yt = +1 | = index of a data-point

D xe <0

Let's calculate,x{i}e) 0 +{3g = 0

(} Il \ Q Kx{i\}g > O
S6o T

l‘ For one data point (data-point i) with d dimensions (instance):
\
Joes

X 3 LCF X6 = 19, + Oux « - +OdxJ

,,@ aht S(mm
@ —o—' h(x)
N | e

x{l} 6 Si gn(x{‘}e) — binary transformation




+1 0

X6=0

ymmetry

T 7
O-(xX) X'y

Average Intensity

Not really the best for classification, but t's a good start



Ce- x| el es <o

S
+ 4 - %

https://www.math3d.org/UPNV11Qvxt



https://www.math3d.org/UPNV1IQvxt

A\
A 6?)
DP:: Do «+ O + 02X =0 %)\;

Ou¥e= - (6o + O1%)

)3-_:"\)(-\—
p -
oo -2 -0y Ll -8
- — —'2, /‘_—. % — 94‘92'%=0
(b(gl) 92)5 *
ST~

X0 -0 :



® Supervised Learning
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Po\jnomial ):-{p:rllfc E’ﬁjw “27
Extension to Higher-Order Regression

T ~ _ X\ )(\7. xm'3 - X
e 70 1!
X"" - 0.9 25
0.8/

0.7
t ! 0.6¢
a0 N |
, 0.5 :
X= \\PZ | o 2
| q_...'{- 0.4/ - )
0.3; ) ) (
- 0.2 ¢
x"} /f 0.1} <
) / o —\
- ,' 0 0.2 0.4 0.6 0.8 1
L.-_'-—'/

¢ Want to fit a polynomial regression model

_Lcr

f Y= By + Oyx + 6574 4 650 + ¢
QA?-I'QL%_—!'_QL_LQ - --+e&%z )

9 7 = {1, x,xz, ...,Xd} € Rd and 0 = (90, 91: 92: "'-'Qd)T

y = z0

32



Least Mean Square Still Works the Same

» Given N data points, find @ that minimizes the mean square
error

~ 1 . .
0 = argmin ¢ L(6) == (y1¥ - 2100’

» Our usual trick: set gradient to 0 and find parameter

OL(O
a( ) _ __E(Z{l})T(y{l} 2g) = 0

dL(6) z . . . .
= 2N (T @ 4 _Z(Z{l})TZ{l}Q ~ 0
00 n 4 n 4

33



Matrix Version of the Gradient

d0L(0) 2 - 2 .
g - iyt z60 =0

> 0=(C'2)Z2Zly=2z"y

» If we choose a different maximal degree d for the polynomial,
the solution will be different.

34



What is happening in polynomial regression?

x =[0,0.5,1, ...,9.5,10] F =0+ 0,0+ 0%
y = [3,3.4875,3.95, ..., 7.98,8] 6o = 3;6, = 1;0, = —0.5
o g
? Do

. LA RMSE=0
- NSEﬁO




Let's add to the feature space

x; = [0,0.5,1, ...,9.5,10] x4 = [0,0.25,1, ...,90.25,100]
y = [3,3.4875,3.95, ..., 7.98,8]

0
40 -~
80 60
100 ~
\
/

PP T T

00000 &0, 0 2 6 8 TB0604020 ¢ o 2 4 6 8 10



10

We are fitting a D-dimensional hyperplane in a D+1

dimensional hyperspace (in above example a 2D plane
in a 3D space). That hyperplane really is 'flat' / 'linear’
in 3D. It can be seen a non-linear regression (a curvy
line) in our 2D example in fact it is a flat surface in 3D.
So the fact that it is mentioned that the model is linear
In parameters, it is shown here.

s 00 G0

HERRRL




Increasing the I\/Iaxﬁr/i)ql Degree

f_' % Un}erﬂ’rhvj from Blshop 3 p=0o+O X

AN, T,
£ 774 S L B N |

r T 9
JP Oo+ OX + 0, % +93x3 | bp @o*‘elx* -"OX
]! D &

0 o - 1
38






Bias-Variance Trade off  Animation

We will have multiple prediction values (i.e. through Cross validation) E[yp]

L(H) —@y{l} — x{l}H) = E [(ya yp) ] L(q_s 4+ Voveance

(y =( —E[yp]+E[yp]—yp)

[(Ya - E[yp]) + (Eyp| = 3’19) + 2 Yo )(E|yp] - 3’20]

BT (9a- 60T @Uﬂ w1 +2ELYa-60wl) B] Elg - ]

E Lyr]
(3&— BD“IP'])Z A _ATZ (BLYW- )’P) + - —-- M— EZ-YPD

2 :
biqs +  Yorioa


https://mlu-explain.github.io/bias-variance/




Bias-Variance Trade off  Animation

We will have multiple prediction values (i.e. through Cross validation) E[yp]

N
L(O) = %z(y{i} — x{i}g)z = F [(Ya — Yp)2]
i=1

(Va—p) = (Va — E[vp] + E[vp] = 3)°

= (Va — E[yp])z + (Eyp| = 3’19)2 +2(Va = E|yp ) (E[yp] — ¥p)

E [(ya - yn)zl = (Vo — Eb’p])z + Lk [(E[YP] - yP)zl

= [Bias]?* + Variance

= [true value — mean(predictions)|* — mean[(mean(prediction) — prediction)? ]


https://mlu-explain.github.io/bias-variance/

Why E[Z(Ya — E[YP])(E[YP] — 3’19)] =07

Vo — E|y,| is a scalar, therefore E [ya — E[yp]] = Ya — E|y,]

E[2(Ya = E|yp|) (E[yp] — w)]

= 2(Ya — E[y])E[E[yp] = o]
= 2(ya — E|w]) (E [E[yl’]] B E[yp])

=2(¥a — E|yp|)(Elyp| = Elyp]) = 0



Which One Is Better’?
ekl

— | L
i i D=0

from Blshop

L c i J ‘
0f ' : 0

» : 0 -~ l
0 o | a

‘P Ow'//'t‘-r

OF

0 x 1 0 N 1

¢ Can we increase the maximal polynomial degree to very large,
such that the curve passes through all training points?

- We will know the answer Iin next lecture.

44



Take-Home Messages

® Supervised learning paradigm
® Linear regression and least mean square

® Extension to high-order polynomials

45
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