Machine Learning CS 4641-7641 i
Georgia
Tech

Nalve Bayes and Logistic
Regression

Mahdi Roozbahani
Georgia Tech

These slides are inspired based on slides from Le Song, Eric Eaton, and Chao
Zhang.



The Moment

You; after HW2

Incoming ML HW3



Outline

Generative and Discriminative Classification <
The Logistic Regression Model

Understanding the Objective Function

Gradient Descent for Parameter Learning

Multiclass Logistic Regression



Classification
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h(x) = sign(x8) — linear classification (Perceptron)




Decision Making: Dividing the Feature Space

o Distributions of sample from normal (positive class) and
abnormal (negative class t|ssues
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How to Determine the Decision Boundary?

» Given class conditional distribution: P(x|y = 1),P(x|y =
— 1), and class prior: P(y =1),P(y = —1)




Bayes Decision Rule
P (ob,0)= Palbc)pchd = Pl Pblc) peg)

@ likelihood Prior

Pxly)P()  P(xy)

P(ylx) = =
Y \ P(x)Q(x’y)
posterior normalization constant
Prior: P(y)
Likelihood (class conditional distribution : p(x|y) =
N (x|py, Zy)

POV (x|y, 2y )
Ly POINV (X |ty Zy )

Posterior: P(y|x) =



Bayes Decision Rule

Learning: prior: p(y),class conditional distribution : p(x|y)

The poster probability of a test point

P P

Bayes decision rule:
o Ifq;(x) > q;(x), then y =i, otherwise y = j

Alternatively:

P(x|y=i) S P(y=j)
P(x|ly=j) = Py=i)’

o Ifratiol(x) = theny = i, otherwisey = j

qi(x)
qj(x)

¢ Or look at the log-likelihood ratio h(x) = —In
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What do People do in Practice?

®* Generative models
. Model prior and likelihood explicitly
“Generative” means able to generate synthetic data points
. Examples: Naive Bayes, Hidden Markov Models

® Discriminative models
. Directly estimate the posterior probabilities
- No need to model underlylng prior and likelihood distributions
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Generative Model: Naive Bayes

» Use Bayes decision rule for classification

P(x|y)P(y)
P(x)

P(yl|x) =

Co'\,ok‘\'iona\"j
o Butassume p(x|y = 1) is fully factorized : Dimensions are,independent.

JAN
d
[ [paly =1

» Orthe variables corresponding to each dimension of the data
are independent given the label

p(x|ly=1):
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“Nalve” conditional independence assumption

_Plxly)P(y) _P(x,y)
P(ylx) = PG) PO

Joint probability model:

P(x, Yiavei=1) = P(X1, --» Xd> Viabel=1) = P(X11X2,, ) Xd» Viabel=1) P (X2, - Xd» Yiabel=1)

AN
-a O\

= P(x1|x2,, -:» Xd) Y1abel=1) P (X2|X3 ..., Xq, Viabel=1) P (X3, -, X4, Viabel=1)

= P(X1|X2,, oy Xd» YIabel=1)P(X2|X3 ey Xd) YIabel=1) ---P(Xd—llxd: ylabel=1)P(xd|:Vlabel=1)P(:Vlabel=1)
Nalve Bayes assumption: let’s rewrite it as:

P(x, Yiabei=1) = P(x1|YV1aper=1) P (%2 B’label:l) - P(xq|Yiapei=1)P Viaper=1) =

P(Yiaber=1) 1_[ P(xilYiaper=1) Gaussian naive Bayes
t=1 " A typical assumption

Example



https://en.wikipedia.org/wiki/Naive_Bayes_classifier#Examples
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Discriminative Models

qi(x)
qj(x)

» Directly estimate decision boundary h(x) = —In or

posterior distribution p(y|x)
¢ Logistic regression, Neural networks
¢ Do not estimate p(x|y) and p(y)

o Why discriminative classifier? |
o _ _ _ — Generative model
¢ Avoid difficult density estimation problem
¢ Empirically achieve better classification results
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Gaussian Naive Bayes

Univarcute
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Posterior: p(y =1 |x, u, o, )

d 1
Ty [ 124 N EXp ( o2 (x; — H1i)2)
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get exp(In(u)) of numerator and denominator

d 1
exp (—Ziﬂ (202 (x; — Uqi)* +logoy; + C) + logﬂl)

d 1
> _ exp (— Diiz1 (W (x; — Ugi)? + log oy + C) + log T[k)
ki
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©

Number of parame
2d +1 - d mean,d variance,and 1 for prior

g“\&w\oioi

/
Qo-r O Xi+ - "’QJXJ Ler =

Number of parameters=d +1 — 6y,04,0,, ...,04

Why not directly learning P(y = 1|x) or 8 parameters?

Gaussian Naive Bayes is a subset of logistic regression
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What is logit function?

co,1\
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. D p/ AN
logit(p) = log(odds) = log(g) \0(3 Q—1_—5> = X«’Q,
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Logistic function for posterior probability

G ‘/ Yo 0. Cat
| V=1| x > \ XD (- ™3 Q) 6
P11 = — | |
\+ exp (= XO) Many equations can give us this shape
Let’s use the following function: 1- ———
A
8 Cae J,ffl g (S )
S=X A
(=PG=1W=—oe= | ]
S) = — X) = —
I Y 1+ e’ 1+e5 dﬂj
This formula is called sigmoid function  _ ! =1 4 ' S
-6 -4 -2 0 2 4 6T P

It is easier to use this function for optimization

Is 0.5 threshold cut-off a good choice?

Learn about ROC and AUC (False positive rate and
True positive rate) (Interactive)



https://towardsdatascience.com/understanding-the-roc-and-auc-curves-a05b68550b69
https://towardsdatascience.com/understanding-the-roc-and-auc-curves-a05b68550b69
http://www.navan.name/roc/
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h(x) = g(x0) — logistic regression

Sigmoid Function

Soft classification
Posterior probability
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s = z x;0; = 0g + 0,x1 + -+ 04,4 Three linear models

=0
1
X1 Gli —)—4
—’ 0—— h(X)  Hard classification
: -1

X
d h(x) = sign(x@) — linear classification

1 200.2
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h(x) — linear regression

GIR ,1
X1 Soft classification
— — h(x O
: @ O ( ) Posterior probability

h(x) = g(x0) — logistic regression



g(s) is interpreted as probability

Example: Prediction of heart attacks

Input x: cholesterol level, age, weight, finger size, etc.

g(s): probability of heart attack within a certain time

We can’t have a hard prediction here

s = x0 Let’s call this risk score

A

_, 0P
r < —
g(s), y=1

hg(x) =p(y|x) = ; Using posterior probability directly
196
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Logistic regression model

y=1

exp(—x0) -9,
1+ exp(—x0)

pc){i’n \xm?) =L C @\79
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This form IS concave@f this form is convex
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https://stats.stackexchange.com/questions/324561/difference-between-convex-and-concave-functions
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The Objective Function

¢ Find @, such that the conditional likelihood of the labels is
maximized

-
max 1(6) = log 1_[ p(y8|xt 6)
i=1

» Good news: [(0) is concave function of @, and there is a single

global optimum. ,Ggﬁggz)

1(6,)
[(6,) N

1!6‘ ZEQE
§( 1)"‘5 ( E*;)

: : [(6)
*
(V) 6 6

1 2
¢ Bad new: no closed form solution (resort to numerical method)
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Gradient Descent

» One way to solve an unconstrained optimization problem is
gradient descent t ¢ T A
0 <O X Y -V)

¢ Given an initial guess, we iteratively refine the guess by taking
the direction of the negative gradient

¢ Think about going down a hill by
taking the steepest direction [
at each step o |

» Update rule /'/

Xp+1 = Xk — ViV [ (x)
Y is called the step size or learning rate

32



Gradient Ascent(concave)/Descent(convex) algorithm

¢ Initialize paramet \
A i (

¢ Do V& P (X

\-§ o A-PO)
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Logistic Regression

R

es 1 L 9(s)
1+eS 1+4+eS
s = x6 /

Pl s

I A L L |

g(s) =

x@ should be large negative x@ should be large positive
values for negative instances values for positive instances

* Assume a threshold and...
— Predicty=1if g(S) > 0.5
— Predicty=0if g(s) <0.5
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The Logistic Regression Model
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Multiclass Logistic Regression

Binary classification: Multi-class classification:

Disease diagnosis:  healthy / cold / flu / pneumonia

Object classification: desk / chair / monitor / bookcase

41



One-vs-all (one-vs-rest)
T, hé (x)
07
. e Ly
Multi-class classification:
'y AA
A 2
LH A he (X)
A 0.%
Ly

hgm) (x) =ply=1|x,0) (im = 1,2,3)

Ly




One-vs-all (one-vs-rest)

Train a logistic regression hgm) (x) for each class m

To predict the label of a new input x, pick class m that maximizes:

max hgn) (x)
l



Using Softmax

L(O) = z * log )

y, = |cat,dog, fish] = [1,0,0]
= there are M classes (M = 3 in this example)

exp(x60),
M Loexp(x8);

Yp for classm = softmax(x0) =

y, = [0.6,0.3,0.1]

SGD = 0t « 9t — a VL(0)

9t+1 N Ht — xT(:Vp T Ya)



Take-Home Messages

Generative and Discriminative Classification
The Logistic Regression Model
Understanding the Objective Function
Gradient Descent for Parameter Learning

Multiclass Logistic Regression
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