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Linear Separability
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* In 2D the discriminant is a line

Linear Classifier
YARA

A linear classifier has the form

Veurol

Y’o\'a‘\'\o" \Diqny’r\

F(x) = X0+ (6,

« @ isthe normal to the line, and8,the bias

« 0 is known as the weight vector




Linear Classifier (higher dimension)

f(x) =0

A linear classifier has the form A

f(x) =x0 + 0,

3

* in 3D the discriminant is a plane, and in nD it is a hyperplane
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| The Perceptron Classifier
nsidering X |5®y s@and y has two labels of {—1,1}
g T |
4 & Tt -1 f(x{‘}) — yU}Q Bias is inside 6 now
d'o\c.-;wa.l

How can we separate datapoints with Iabel 1 from datapoints with label —

Misclassified
Perceptron Algorithm: 7§ SEIasSHe
Lyx"6 o yIF() < 0
random EX. )A// f(iA )
 |nitialize 6 =0 actual predicted
» Go through each datapoint {x%, y{{}} ey €

- If x{8 is misclassified then 91 « 9t + w

» Until all datapoints are correctly classified


https://vinizinho.net/projects/perceptron-viz/
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Prediction
@ h(x) =o0(x8 = u)




* [nitialize 6 =0
- Go through each datapoint {xt!, y1}}
« If x1 js misclassified then 8t*1 « gt + ayttixid

» Until all datapoints are correctly classified

before update after update
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Linear separation

We can have different separating lines

Why is the bigger margin better?

Which line is the best? —

. What 6 maximizes the margin?
All cases, error is zero and

they are linear, so they are
all good for generalization.

N ——



What is the Best 67
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- if the data is linearly separable, then the algorithm will converge
* convergence can be slow ...
* separating line close to training data

- we would prefer a larger margin for generalization (better generalization)
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Finding 6 with a fat margin

Solution (decision boundary) of the line: x60 =0

j

Yod®

Let x{i} to be the nearest data point to the line (plane):

x{i}g > 0=1
(i} + -1 i

00 <o [xH6| > 0

%4 Our line solution is x6 = 0
Does it matter if | scale up or down 6 for the decision boundary?

‘x{i}H‘ = 1 = normalization

Let’s pull out HO from 0 = (91, . Hd) and call it be b

Decision boundary would be: x0+b=0




Computing the distance

The distance between x'Y and the line x0 + b =0  where |x136 + b| = 1

The vector 6 is perpendicular to the decision line.

You should ask me why?

X2

Consider x’and x on the plane

x'0+b=0 and x0+b=0
! 2

x'0+b=x0+b

mm (X'—x )0 =0




What is the distance of my fat margin?

U}
What is the distance between xt} and the plane? % \ -0

Let’s take any point X on the line: W

¥ —0_9_ (y(‘a_.x)@

Distance would be projection of (x'} — x) vectoron .  "&"

"

To project the vector, we need to normalize 0 to get the unit vector. —‘—- %}
o
n__9 - oy oA
0= a1 = distance = ‘ (x x)@‘ which is the dot product - U ij
X2
. 1 -
distance = W ‘(x{‘}H — x@)‘
4 O
106+ 70 = byl =
—_— — —_— x — —
[101] = /

Y Y
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My constraint A point on the

|x{l}6 + bl — 1 decision line \
x0+b =0

The margin




Now we need to maximize the margin

1 —Yuc): X\ \/

Maximize —— N
116]]

Subjectto Min value of ‘x{i}H + b‘ = 1 = nearest neighbour
(i =12,..,N

There is a “min” in our constraining; it can be hard to optimize this problem(non-convex form)

Can | write the following term to get rid of absolute value?

‘X{l}g —+ b‘ - y{l} (x{‘}H + b) for a correct classification

If min |x{i}6 + b| = 1 = so it can be at least 1

1

Maximize ———
1011

Subjectto ytW(xHg +p) =1 for i=12,..,N
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y®(xB6 + b) > 1

MY
L \ T
Maximize W B Wal =€ If & = 0, there exists a max value
Subjectto ytW(xHg +b) =1 for i=12,..,N
(2
1 ° L °
Minimize =gg7 OF ot

2
Subject tg y{l}(x{l}g + b) > 1 for i=12,..,N



Constrained optimization

L 1
Minimize —goT 1,5 52 s Ba
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Subiject to y{i}(x{i}e + b) >1 for i=12,..,N

b € R,beER
Using Lagrange method: But wait, there is an inequality in our constraints

We use Karush-Kuhn-Tucker (KKT) condition to deal with this problem

g(x) = y{i}(x{i}e + b) — 19 a = lagrange multiplier

V3P0 )S 1 We need to optimize
1) Stationary 0,b,and o

2) g(x) =20 Primal feasibility

3) a=0 Dual feasibility
(g(x) >0, Q=

4 x)a =0
) 9(x) Complementary slackness = 1“ S0 () =



http://cs229.stanford.edu/notes/cs229-notes3.pdf
http://cs229.stanford.edu/notes/cs229-notes3.pdf
http://cs229.stanford.edu/notes/cs229-notes3.pdf
http://cs229.stanford.edu/notes/cs229-notes3.pdf
http://cs229.stanford.edu/notes/cs229-notes3.pdf

gx) =yB(xBo +b) -1

3) g(x)a =0 Complementary slackness = -

® Class 2
m Class 1

(g(x) >0, a=20

a >0, glx) =0



L(@ )= Qu@z 949 Lagrange formulation
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fagrangian:
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The solution — quadratic programming Q Q
X - Y

N L 5
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Quadratic programming packages usually use “min”
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1 _y{l}y{l}x{l}x{l}T y{l}y{N}x{l}x{N}T ]
min — > al : : a+ (=1«
a
_y{N}y{l}x{N}x{l}T y{N}y{N}x{N}x{N}T_ \ )
Linear term
|
\ J
Y
Qp Quadratic coefficients
Lineav '
KU’ Loyt X | v} =0 Pass these to a
g{" bjectto ) liy® quadratic programming
i=1 - package
Linear equality constraint

lower bound(0) < « < upper bound(oo)



min 2 aTQa Tae subject to yla=0,0=>0
Quadratic programming will give us «

Solution: o = o'V, .., oV

KKT condition (a;g;(8) = 0):  «W(yB(x80 +b)—1) =0

(YU (xBo+b)—1) >0 = o'V =0
(y{i}(x{i}g 4+ b) — 1) =0 = o' > 0 = x; is a support vector
2
® Class 2
m Class 1
4=
A %)
o0
Ngw@y=0 L)X
N, X0 +>b =0

x80 + b =-1



Training Testing

a{i}y{i}x{i} For a new test point s
— X

No need to go over all datapoints @ e e
_ 2 oy igT 4

— 0 = 2 a{i}y{i}x{i} Pinmal @SV ﬁm/

"
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Compute:

xin SV
and for b pick any support vector Classify s as class 1 if the result is
and calculate: positive, and class 2 otherwise

y@(x D6 + b) = 1



Geometric Interpretation
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From x to z space
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In z space
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In x space, they are called pre-images of support vectors
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Take-Home Messages

® Linear Separability
® Perceptron

® SVM: Geometric Intuition and Formulation

34
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   x  { i } 𝜃 + b = − 1


   𝛼   { 2 } = 0


   𝛼   { 4 } = 0


   𝛼   { 5 } = 0


   𝛼   { 3 } = 0


   𝛼   { 6 } > 0


   𝛼   { 1 } > 0


   𝛼   { 8 } > 0


   𝛼   {  11 } = 0


   𝛼   { 7 } = 0


   𝛼   {  10 } = 0


   𝛼   { 9 } = 0


   2    𝜃 ∗ 𝜃


  𝜃 =  ∑  i = 1 N   𝛼   { i }  y  { i }  x  { i }


  b


   y  { i }  (   x  { i } 𝜃 + b ) = 1


  → 𝜃 = ∑   𝛼   { i }  y  { i }  x  { i }


   x  { i } i n   S V


  s 𝜃 + b = ∑   𝛼   { i }  y  { i }  x  { i }  s T + b


   x  { i } i n   S V


  =  2    w ∗ w


   x  { i } 𝜃 + b = 1


  x 𝜃 + b = 0


   x  { i } 𝜃 + b = − 1


   2  | | 𝜃 | | =  2    𝜃 ∗ 𝜃


  𝜃


   X 1


     Z 1 = ( X 1 − 20 ) ^ 2


   X 2


  (  X 1 2 ,  X 2 2 )


     Z 2 = ( X 2 − 20 ) ^ 2


  X


  Z


  x


  z


  x


      max 𝛼 ⁡   ∑  i = 1 N   𝛼   { i } −  1 2  ∑  i = 1 N   ∑  j = 1 N   y  { i }  y  { j }  𝛼   { i }  𝛼   { j }  x  { i }  x     { j } T


   X 1


   X 2


  l e  t ′ s   s a y   x   i s   n × d


  x  x T   will   be   n × n


  x


  x  x T


  z


      max 𝛼 ⁡   ∑  i = 1 N   𝛼   { i } −  1 2  ∑  i = 1 N   ∑  j = 1 N   y  { i }  y  { j }  𝛼   { i }  𝛼   { j }  z  { i }  z     { j } T


   Z 1


   Z 2


   X 1


   X 2


  x

